Rules for integrands involving exponentials
1. ju (F€ @20 " ax
1 J(F‘ @) " qx

Reference: G&R 2.311, CRC 519, A&S 4.2.54

Rule:

(Fc (a+b x) ) n

bcnlLog[F]

j(Fc (a+bx))ndlx —

Program code:
Int[(F_"*(c_.*(a_.+b_.*x_)))"n_.,x_Symbol] :=

(F~ (cx (a+bxx)))”~n/ (bxcxnxLog[F]) /;
FreeQ[{F,a,b,c,n},x]

2: JPX F¢Vdx when v==a+bx

Derivation: Algebraic expansion

Rule: If v == a + b x, then

J P FYdAx — JF“ 36X gxpandIntegrand [Py, X] dx

Program code:

Int[u_=*F_"(c_.*v_),x_Symbol] :=
Int [ExpandIntegrand [uxF" (cxExpandToSum[v,x]) ,x],X] /;
FreeQ[{F,c},x] & PolynomialQ[u,x] & LinearQ[v,x] & TrueQ[$UseGamma|



Rules for integrands involving exponentials

Int[u_*F_~(c_.*v_),x_Symbol] :=
Int [ExpandIntegrand [F~ (cxExpandToSum[v,x]) ,u,x],x] /;
FreeQ[{F,c},x] && PolynomialQ[u,x] & LinearQ[v,x] & Not|[TrueQ[$UseGamma] |

3: j(d+ex)'"F°“"*bX) (f+gx) dx wheneg (m+1) -bc (ef-dg) Log[F] =0

Basis: Ox (T g[x]) = FTX] (Log[F] g[x] ' [x] + g [X])

Rule:lf v=a+bx Au=d+ex Aw=Ff+gx Aeg (m+1) -bc (ef-dg) Log[F] == 0,then

g (d +e X) m+1 F¢ (a+b x)

bcelog[F]

ju’"F”wdlx — J.(d+ex)'“FC (a+bx) (f+gx) dx —

Program code:

Int[u_"m_.*xF_~(c_.*v_)*w_,x_Symbol] :=
With [{b:Coef-Ficient [v,x,1],d=Coefficient[u,x,0],e=Coefficient[u,x,1],f=Coefficient[w,x,0],g=Coefficient [w,x,1] },
gxu” (m+1) xF~ (cxv) / (bxcxexLog[F]) /;
EqQ[e*g* (m+1) -bxcx (e*f—d*g) *Log[F] ,0] ] /38
FreeQ[{F,c,m},x] && LinearQ[{u,v,w},x]



Rules for integrands involving exponentials

4. Jqum FVdx whenv=a+bx Au=(d+ex)"

1: JPXUMFCV&X whenv==a+bx A u-== (d+ex)n Amez

Derivation: Algebraic expansion
Rule:lf v=a+bx Au== (d+ex)" A me Z,then

ij u" FVdx — JF‘ (3+6X) ExpandIntegrand [Px (d+ex)™", x] dx

Program code:

Int[w_*u_"m_.*F_“~(c_.*v_),x_Symbol] :=
Int[ExpandIntegrand [wxNormalizePowerOfLinear [u,x]"mF~ (cxExpandToSum[v,x]),x],x] /;
FreeQ[{F,c},x] && PolynomialQ[w,x] && LinearQ[v,x] && PowerOflLinearQ[u,x] && IntegerQ[m] &% TrueQ[$UseGamma]

Int[w_*u_"m_.*F_“~(c_.*v_),x_Symbol] :=
Int [ExpandIntegrand [F~ (cxExpandToSum[v,x]) ,wxNormalizePowerOfLinear [u,x]"m,x],x] /;

FreeQ[{F,c},x] & PolynomialQ[w,x] & LinearQ[v,x] & PowerOfLinearQ[u,x] & IntegerQ[m] && Not[TrueQ[$UseGamma] ]



Rules for integrands involving exponentials

2: JqumFCde whenv==a+bx Au=(d+ex)" Am¢z

Derivation: Algebraic expansion

Rule:lf v==a+bx Au= (d+ex)" A mg¢ Z,then

mpecv ((d+ex)")m c (a+bx mn
PxU"FVdx — —————— | F¢ " ExpandIntegrand [P, (d +ex)"", x| dx
(d+ex)™

Program code:

Int[w_+u_”m_.xF_"(c_.xv_),x_Symbol] :=
Module [ {uu=NormalizePowerOfLinear [u,x],2},
z=If[PowerQ[uu] && FreeQ[uu[[2]],X], UU[[1]]1~A(m*uu[[2]]), uu”m];
uu”m/z*Int [ExpandIntegrand [wxz+F” (cxExpandToSum[v,x]) ,x],X] ] /3
FreeQ[{F,c,m},x] & PolynomialQ[w,x] && LinearQ[v,x] && PowerOfLinearQ[u,x] && Not[IntegerQ[m]]

5. Ju F€ @+0X) | og[d x]" dx

1:J?‘““”lngwx]"@+h(f+g@lmgwx])dxmmene=fh(n+n Agh(n+1l) ==bcelog[F] A n#-1

Rule: If e=fn (n+1) Agh(n+1) ==bcelLog[F] A n#-1, then

e x F€¢ (a+bx) Log [d X] n+1

JFc(a+bx) Log[dx]" (e +h (f+gx) Log[dx]) dx — n
n+

Program code:

Int[F_~(c_.»(a_.+b_.#x_))*Log[d_.#x_]"n_.*(e_+h_.x(f_.+g_.*x_)*Log[d_.*x_]),x_Symbol] :=
exx*F” (cx (a+bxx) ) xLog[dxx]~ (n+1) / (n+1) /;
FreeQ[{F,a,b,c,d,e,f,g,h,n},x]| && EqQ[e-fxhx(n+1),0] && EqQ[gxhx (n+1)-bxcxexLog[F],0] && NeQ[n,-1]



Rules for integrands involving exponentials

2: Jx’"Fc(a"bx) Log[dx]" (e+h (f+gx) Log[dx]) dx when e (m+1) ==fh (n+1) A gh(n+1) =bcelog[F] A n#-1

Rule:If e m+1) =fh(n+1) A gh(n+1) =bcelog[F] A n#-1, then

e Xm+1 F¢ (a+b x) Log [d X] n+1

Jxm FC @9 Log[dx]" (e+h (f+gx) Log[dx]) dx —
n+1

Program code:

Int[x_"m_.*F_"(c_.*(a_.+b_.*x_))*Log[d_.*x_]"n_.*(e_+h_.*('F_.+g_.*x_)*Log[d_.*x_]),X_Symbol] 5=
exx”™ (m+1) *F” (c* (a+b*x) ) xLog [d*x] " (n+1) / (n+1) /;
FreeQ[{F,a,b,c,d,e,f,g,h,m,n},x] && EqQ[ex (m+1)-fxhx(n+1),8] & EqQ[g+hx (n+1)-bxcxexLog[F],0] && NeQ[n,-1]



Rules for integrands involving exponentials

2. ju Farb (c+dx)™ 9
1. JFa+b (c+dx)" dx
1. JF""*" (¢+d" gx when f ez
1. IFE*” (e+d)" gx when fez Anez
1. jFa*" (¢+dX)" gx when f €Z Anez*

1: jFa+b (c+d x) dx

Reference: G&R 2.311, CRC 519, A&S 4.2.54

Rule:

Program code:

Int[F_~(a_.+b_.*(c_.+d_.*x_)),x_Symbol] :=
F~ (a+bx (c+dxx)) / (bxdxLog[F]) /;
FreeQ[{F,a,b,c,d},x]

2. JFa+b (c+d x)? dx

1: JF“" (¢+d* g% when b >0

2%

Basis: Erfi’' [z] == N

Rule: If b > 0, then

JFa+b (c+d x) dx —»

Fa+b (c+d x)

bdLog[F]



Rules for integrands involving exponentials

Fav;_ﬂ+ihc+dx)VbLogH]]
JFa+b (c+d x)? dx —s
2dVbLog[F]

Program code:

Int[F_~(a_.+b_.*(c_.+d_.*x_)"2),x_Symbol] :=
FraxSqrt [Pi]«Erfi[ (c+dxx) *Rt [bxLog[F],2]]/(2+d«Rt[bxLog[F],2]) /;
FreeQ[{F,a,b,c,d},x] && PosQ[b]

2: JF“" (€+4° g% when - (b > 0)

Basis: Erf’ [z] == 2@?
JT

Rule:If - (b > @), then

Fa\/;Er'f[(c+dx) vV -b Log[F] ]
JFa+b (c+dx)2dlx N
2dV-bLog[F]

Program code:
Int[F_~(a_.+b_.*x(c_.+d_.*x_)"2),x_Symbol] :=

FAa*Sqrt[Pi]*Erf[(c+d*x)*Rt[—b*Log[F],2]]/(Z*d*Rt[—b*Log[F],Z]) /3
FreeQ[{F,a,b,c,d},x] && NegQ[b]

2: J-Fa*b (c+dx)" 9% when fez ANez

Derivation: Integration by parts

Basis: 1 == Oy C*dﬂ

Rule: If % €Z A neZ,then
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. (C +d X) Fa+b (c+dx)" .
J.F‘“b €+ qx — -bnLog[F] j(c +dx)"FAP (exd0)” gy
d

Program code:

Int[F_~(a_.+b_.*(c_.+d_.*x_)"n_),x_Symbol] :=
(c+d*x) *F” (a+b* (c+dxx) *n) /d -
bxnxLog[F]*Int[ (c+d*Xx)*n*xF" (a+b* (c+dxx)"n),x] /;
FreeQ[{F,a,b,c,d},x] & & IntegerQ[2/n] && ILtQ[n,0]

2: JF“" (c+dx)" g% when fez ANg¢z

Derivation: Integration by substitution

Basis: If k e 2", then F [ (c+dx)"] = & (<c+dx>1/k)"‘1F[(<c+dx)1/'<)"”] Oy (c +dx)1/k

Rule: I % €eZ N ng¢Z' letk = Denominator [n], then

. k n
JF“"" dx —s —Subst[Jxk'1 Fao X" qax, x, (c +dx)1/k]
d

Program code:
Int[F_~(a_.+b_.*(c_.+d_.*x_)”n_),x_Symbol] :=
With[{k=Denominator[n]},

k/d*Subst [Int [x" (k-1) *F~ (a+bxx” (k*n) ) ,x],X, (c+dxx) " (1/k) ]] /5
FreeQ[{F,a,b,c,d},x] && IntegerQ[2/n] && Not[IntegerQ[n]]

2: JF“" (c+dx)" 9x when 2 ¢z
n

Derivation: Piecewise constant extraction

. (c+d x) o
Basis: Oy b (crdx) " Log [F]) " = 0
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1
n

. b (c+dx)" /_
Basis: 0xGamma | £, -b (c+dx)" Log[F]| = - dnF——r (b lerdximLog[F])

Rule: If% ¢ Z,then

F? (c +dx) Gamma[l, -b (c+dx)"Log[F]]
Fa+b (c+dx)"d1x - n

dn (-b (c+dx)"Log[F])""

Program code:

Int[F_"~(a_.+b_.*x(c_.+d_.*x_)"n_),x_Symbol] :=
-F"*a* (c+d*x) *Gamma[1/n,-bx (c+d*Xx) *nxLog [F]]/ (d*nx (-b* (c+d*x) *nxLog[F])~(1/n)) /;
FreeQ[{F,a,b,c,d,n},x] && Not[IntegerQ[2/n]]



Rules for integrands involving exponentials

2. J(e+-Fx)'"F""'b (c+d%)" gy
E J(e+f")mFa+b (€+d0" gx when de - c f == @
1. J(e+fx)mFa+b(c+dx)ndX whende-cf=0 A 2(n:|+1) €z

B j(ehcx)"'1 Faeb (0" gx when de-c =0

Derivation: Piecewise constant extraction and integration by substitution

Rule:If de - c f == 0, then 9, (&xfx10 .

(c+d x)"

Basis: (c+dX)"F[(c+dx)"] = L F[(c+dx)"] 8¢ (c+dx)"

Rule:If de - c f == 9, then

(e + -Fx)" Fa+b (c+dx)"

j(e + 'Fx) n-1 pasb (c+dx)" g% _,
bfn (c+dx)"Log[F]

Program code:

Int[(e_.+Ff_.#x_) m_.#F_~(a_.+b_.#(c_.+d_.*x_)"n_),x_Symbol]| :=
(e+f*x) An*xF~ (a+b* (c+d*X) "n)/(b*f*n* (c+d*x) *nxLog[F] ) /5
FreeQ[{F,a,b,c,d,e,f,n},x| && EqQ[m,n-1] && EqQ[dxe-cxf,0]

Fa+b(c+dx)"
2: ———dx whende-cf==0
e+fx

Basis: ExpIntegralEi’ [z] == <

z

Rule:If de - c f == 9, then

10
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dx —

Fasb (c+dx)" F? ExpIntegralEi[b (c +dx)" Log[F] ]
.J‘ e+fx fn

Program code:

Int[F_~(a_.+b_.x(c_.+d_.*x_)*n_)/(e_.+f_.*x_),x_Symbol] :=
FraxExpIntegralEi[bx (c+d+x)“nxLog[F11/(f+n) /;
FreeQ[{F,a,b,c,d,e,f,n},x] & EqQ[d+e-cxf,0]

3. J(c+dx)“‘Fa*b (c+d" gx when 2—‘":—1)—ez

1: J(c+dx)'"Fa+b (c+dX)" g% when n==2 (m+1)

Derivation: Integration by substitution

Basis:If n == 2 (m+1),then (c+dx)"F[(c+dx)"] == mF[((c+dx)m+1)2} By (C +d x)™1

Rule:lf n =2 (m+1),then

n 1 2
J(c+dx)’"F‘“b (e+dx)" gx —» —Subst[JFa*b" dx, X, (c+dx)'"+1]
d(m+1)

Program code:

Int[(c_.+d_.*x_)"m_.*xF_~(a_.+b_.»(c_.+d_.*x_)"n_),x_Symbol] :=
1/ (d* (m+1) ) *Subst [Int [F* (a+b*x”"2) ,Xx],X, (c+d*x)”* (m+1)] /;
FreeQ[{F,a,b,c,d,m,n},x] & & EqQ[n,2* (m+1) ]
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2. J(c+dx)'"Fa"b (¢+d)" gx when 2—(";—*1)—ez ANez

1: J(c+dx)mFa*b‘c*dx)"dx when 24"{'1;1’—52 ANeZ A (B<n<m+1V m<n<0)

Reference: G&R 2.321.1, CRC 521, A&S 4.2.55

Derivation: Integration by parts

Fa+b (c+dx)"

Basis: (C +d X)m Fa+b (c+dx)" __ (C +d X>m—n+1 @X m

Rule:If 2™2- ¢z Anez A (@<n<m+1V m<n<0),then

(c+dx)m—n+1 Fa+b(c+dx)" m-n+1

bdnLog[F] ) bnLog[F]

J(C+dX)m patb (c+dx)nd]x N j(c+dx)""" pa+b (c+dx)"d]X

Program code:

Int[(c_.+d_.*x_)"m_.*xF_~(a_.+b_.*(c_.+d_.*x_)”"n_),x_Symbol] :=
(c+dxx)~ (m-n+1) *F~ (a+b* (c+dxx) ~n) / (bxdxnxLog[F]) -
(m-n+1) / (bxnxLog [F]) *Int [ (c+d*x)~ (m-n) xF~ (a+bx (c+dxXx)*n) ,x] /;
FreeQ[{F,a,b,c,d},x] & & IntegerQ[2x (m+1)/n] &% LtQ[O@, (m+1) /n,5] && IntegerQ[n] &% (LtQ[O,n,m+1] || LtQ[m,n,0])

Int[(c_.+d_.*x_)"m_.*xF_~(a_.+b_.*(c_.+d_.*x_)"n_),x_Symbol] :=
(c+dxx)~ (m-n+1) *F~ (a+b* (c+dxx) ~n) / (bxdxnxLog[F]) -
(m-n+1) / (bxnxLog[F]) *Int [ (c+d*x) ASimplify [m-n] *F” (a+b* (c+dxXx) ~n) ,x] 78
FreeQ[{F,a,b,c,d,m,n},x] & IntegerQ[2+Simplify[(m+1)/n]] && LtQ[@,Simplify[(m+1)/n],5] && Not[RationalQ[m]] && SumSimplerQ[m,-n]

12



Rules for integrands involving exponentials

2: J(c+dx)’"Fa*"(“dx)"d1x when Z—"'r‘%l)—ez ANeZ A (N>0 Am<-1V B<-ns<m+1)

Reference: G&R 2.324.1, CRC 523, A&S 4.2.56
Derivation: Integration by parts

Rule:If 2™ czZ Anez A (n>@ AMm<-1VOB<-n=m+1),then

(C+dX)m+1 Fa+b (c+dx)" bn Log[F]
d(m+1) m+1

J-(c +dX)m Fa+b (c+dx)"d1x s J(c +dX)m+n Fa+b (c+dx)"dx

Program code:

Int[(c_.+d_.*x_)"m_.xF_~(a_.+b_.x(c_.+d_.*x_)”"n_),x_Symbol] :=
(c+d*x)~ (m+1) *F~ (a+b* (c+d*Xx) *n) / (d* (m+1)) -
bxnxLog[F]/ (m+1) *Int[ (c+d*x)”~ (m+n) *F~ (a+b* (c+d*Xx)*n) ,x] /;
FreeQ[{F,a,b,c,d},x] & & IntegerQ[2x (m+1)/n] &% LtQ[-4, (m+1) /n,5] && IntegerQ[n] && (GtQ[n,0] &% LtQ[m,-1] || GtQ[-n,0] && LeQ[-n,m+1])

Int[(c_.+d_.*x_)"m_.*xF_~(a_.+b_.x(c_.+d_.*x_)”"n_),x_Symbol] :=
(c+d*x)~ (m+1) *F~ (a+b* (c+d*Xx)*n) / (d* (m+1)) -
bxnxLog [F]/ (m+1) xInt[ (c+d#X) ASimplify [m+n] «F~ (a+bx (c+dxx)*n),x] /;
FreeQ[{F,a,b,c,d,m,n},x] & IntegerQ[2+Simplify[(m+1)/n]]| && LtQ[-4,Simplify[(m+1)/n],5] && Not[RationalQ[m]]| && SumSimplerQ[m,n]
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3: J(c+dx)'"Fa"b (¢+dX)" gx when Z—‘"r‘l—“)—ez AN¢zZ

Derivation: Integration by substitution
Basis: If k € Z*,then (c +dX)"F[(c +dx)"] == 5 ((c+dx)1/k>k<m+1>’1F{((c+dx)1/k>kn} Oy (C +dx)L/k
Rule: If 2—(“:1;” €Z A ng¢Z,then

n k n
J.(c +dx)"FAP(+d)" g% 5, — Subst [J.xk (me1)-1 pasbx" gy x, (c+d X)l/k]
d

Program code:

Int[(c_.+d_.*x_)"m_.*F_"(a_.+b_.*(c_.+d_.*x_)"n_),x_Symbol] :=
With[{k=Denominator[n]},
k/d*Subst [Int [x" (k% (m+1) -1) *F~ (a+b*x” (k*n) ) ,x],X, (c+d*x) " (1/k) ]] /3
FreeQ[{F,a,b,c,d,m,n},x] && IntegerQ[2x (m+1) /n] && LtQ[O, (M+1) /n,5] && Not[IntegerQ[n]]
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4: J(e+fx)mFa*b‘c*dX)"dx whende-cf=0 A ﬂ’:‘%”—ez AMe¢Z

Derivation: Piecewise constant extraction

Basis: If d e - ¢ f == 0, then O i(ﬁi_ -9

Rule:lffde-cf =0 A 24“:'%”62 A m ¢ Z,then

(e+fx)m

J(e +fx)" Farb (c+dx" gy
(c+dx)"

J(c +dX)m Fa+b (c+dx)"dlx

Program code:

Int[(e_.+Ff_.#x_) m_.*F_~(a_.+b_.#(c_.+d_.*x_)"n_),x_Symbol] :=
(e+Fxx)Am/ (c+dsx) Am+Int [ (c+d+x) *mxFA (a+bx (c+dxx)"n),Xx] /;
FreeQ[{F,a,b,c,d,e,f,m,n},x]| && EqQ[dxe-c«f,0] & IntegerQ[2xSimplify[ (m+1)/n]] && Not[IntegerQ[m]] & NeQ[f,d] && NeQ[cxe,®]

15
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2. J-(e+fx)m Fa+b(C+dX)nd1X whende-cf=0 A Z(rr:l) ¢z

1: J(e+-Fx)'"Fa*b(“d")"d1x whende-cf=0 A %ez

Basis: If "‘;1 ez,then@XGamma[m*l, b (c+dx)" Log[F]} == —dn (c+dx)™FP(¢+dX)" (_p|og[F])

n

Note: The special cased e - ¢ f == @isimportant because Oy Gamma [m, e + f X] equals -f (e+ fx)" e (e+F2,

Rule:lf de-cf =0 A ™l c 7 then

n

m
Fa (f)
(e f m Fa+b (c+dx)" d . m+1
+ x) F dx — - — FunctionExpand | Gamma

, -b (c+dx)"Log[F]”
dn (-bLog[F]) ™ n

Program code:

Int[(e_.+f_.#x_) m_.#F_~(a_.+b_.#(c_.+d_.*x_)"n_),x_Symbol] :=
With[{p=Simplify[ (m+1)/n]},
-F~ax (f/d)~m/ (dxnx (-bxLog[F]) ~p) »Simplify[FunctionExpand [Gamma [p,-bx (c+d+X) *nxLog[F]1]11] /;
IGtQ[p,0]] /;

FreeQ[{F,a,b,c,d,e,f,m,n},x] && EqQ[dxe-c+f,0] & Not[TrueQ[$UseGamma] ]

m

+1
n

16
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Z~I@+fXVF““““”dxW%nde-cf:@

Derivation: Piecewise constant extraction

H c+d x .
Basis: Ox (-b (c+dx)"Log[F])¥/" 0

. b (cedx)" (_ =
Ba5|s:6xGamma[—m;1, -b (c+dx)”Log[F]} - _dnPP TR | bcifij)”LoﬂF”

Note: This rule eliminates numerous steps and results in compact antiderivatives. When m or n is nonnumeric,
Mathematica 8 and Maple 16 do not take advantage of it.

Note: To avoid introducing the incomplete gamma function when not absolutely necessary, apply the above substitution
rule whenever 2L ¢ 7,

Note: The special cased e - ¢ f == @isimportant because Oy Gamma [m, e + f X] equals -f (e+ fx)"* e-(e+F2,

Rule:If d e - c f = 0, then

F2 (e+-Fx)'"":l
fn

Fa (e + fx)™* 1
+Ex)TEath (c+d0)" gy . Gamma it » -b (c+dx)" Log[F]
e "R (crd” ( ) o
fn (-b (c+dx)"Log[F])™ n

m+1
ExpIntegralE [1 -
n

J(e+fx)'"Fa*b(°*d")"d1x - - , -b (c+dx)"Log[F]]

Program code:

Int[(e_.+f_.#x_)™m_.«F_~(a_.+b_.(c_.+d_.#x_)"n_),x_Symbol] :=
(x-F"ax (e+fxx) "~ (m+1) /(fn) +ExpIntegralE[1- (m+1) /n,-bx (c+d+X) *nxLog[F]] =)

-Frax (e+fxx)~ (m+1) / (Fxns (-bx (c+d#x) ~nxLog [F])~ ((m+1) /n) ) «Gamma [ (m+1) /n,-b« (c+d+x) *n«Log[F]] /;
FreeQ[{F,a,b,c,d,e,f,m,n},x] & EqQ[dxe-cxf,0]
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2. J-(e +£x)"FP (40" qx whende-cfz0
1. J(e+fx)'" Fa*b (c+d0* 95 whende-cf#0

1: -J-(e+-Fx)"'Fa+b‘“d")zcﬂx whende-cf#0 Am>1

Derivation: Inverted integration by parts

Rule:if de-cf +#0 A m>1,then

J(e +Fx)" Fasb (c+d® gy

f (e+fx)""1 Fa+b (c+dx)? de-cf
+

(e . ,Fx)m—l Fa+b (c+d x)? dx -
2bd? Log[F] d

Program code:

Int[(e_.+Ff_.#x_) m_»F_"(a_.+b_.»(c_.+d_.#x_)"2),x_Symbol] :=

fx (e+f*x) A(m-1) xF~ (a+b* (c+d*x) ~2) / (2xbxd”*"2xLog[F]) +

(d*e—C*‘F)/d*Int [ (e+f*x) A(m-1) *F~ (a+bx (c+d*x) ~2) ,X] -

(m-1) x£22/ (24b*d"2xLog [F]) »Int [ (e+fxx)~ (m-2) «FA (a+bx (c+d*x) ~2) ,x] /;
FreeQ[{F,a,b,c,d,e,f},x] & NeQ[d+e-cf,0] & FractionQ[m] && GtQ[m,1]

(m-1) £

2bd? Log[F]

J(e +f x)'"'2 Fatb (c+dx)? gy
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Rules for integrands involving exponentials

2: J(e+fx)mFa+b(c+dx)zdx whende-cf#0 A m< -1

Derivation: Integration by parts

Rule:lf de-cf +0 A m< -1, then

J(e + fx)m Fasb (c+d)? gy _

f(e+fx)™Fab(c+d0®  2pd (de-cf) Log[F]
+

(m+1) £ f2 (m+1)

Program code:

Int [ (e_. +f_. *X_) Am_»F_~(a_.+b_.x(c_.+d_.*x_)"2) ,x_Symbol] =
fx (e+f*x) A (m+1) xF~ (a+bx (c+d*xX) "2)/( (m+1) *'F"2) +
2xbxdx (dxe-cxf) xLog [F] /(2% (m+1) ) #Int[ (e+Fxx) " (m+1) xFA (a+bx (c+dxx)~2) ,x] -
2xbxd*2xLog [F] /(2% (m+1) ) +Int [ (e+Fxx) " (m+2) xF7 (a+bx (c+dxx) ~2) ,x] /3
FreeQ[{F,a,b,c,d,e,f},x] & NeQ[dxe-cxf,0] && LtQ[m,-1]

j(e +f x)"'+1 Farb (c+dx)? gy

2bd? Log[F]

2 (m+1)

J(e + fx) m+2 pasb (c+dx)? g
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Rules for integrands involving exponentials

2:JXe+foF“b“m”"dxvmende—cf¢e/\n—2ez+Am<—1

Derivation: Integration by parts

. m__ e+f x m+1
Basis: (e + fx)™ == X1—>—+ 1)

Rule:lf de-cf+0 An-2ecZ" A m< -1,then

(e+_Fx)m+1 Fa+b (c+dx)" bdnLog[F]
£ (m+1) £ (m+1)

-J-(e +Fx)"EIP (A0 gy J(e +£x)™ (v dx)"EP (0" gy

Program code:

Int[(e_.+f_.#x_) m_«F_"(a_.+b_.x(c_.+d_.*x_)"n_),x_Symbol] :=
(e+-F*x)"(m+1)*F"(a+b*(c+d*x)"n)/(f* (m+1)) -
bxdxnxLog [F]/(fx (m+1) ) «Int[ (e+Fxx) (m+1)  (C+dxX) ~ (N-1) xF~ (a+b* (c+dxx) *n) ,x] /;
FreeQ[{F,a,b,c,d,e,f},x] & NeQ[d+e-cf,0] && IGtQ[n,2] && LtQ[m,-1]
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Rules for integrands involving exponentials

b
3. f(e+fx)'“Fa*mdlx whende-cf#0 Amez-

b
Fa+m

1: dx whende-cf#0
e+fx

Derivation: Algebraic expansion

Basis: 1 - d _ de-cf

e+fx f (c+dx) f (c+d x) (e+fx)

Rule:If de - c f # 9, then

b b b
Fo* oax d [ Fax de-cf F* oax
dx — -— dx - dx
e+fx f | c+dx f (c+dx) (e+fx)

Program code:

Int[F_"(a_.+b_./(c_.+d_.*x_))/(e_.+f_.#x_),x_Symbol] :=
d/f+Int[FA (a+b/ (c+d+X)) / (c+d*X),X] -
(d*e—c*‘F)/‘F*Int [F" (a+b/ (c+d*x) )/( (c+d*xXx) * (e+f*x) ) ,x] /3
FreeQ[{F,a,b,c,d,e,f},x] & NeQ[d+e-cxf,0]

b
2: j(e+fx)mFa+mdx whende-cf#0@ Am+1lez-

Derivation: Integration by parts

e m __ (e+f x)™?!
Basis: (e + £ x)™ == Oy F (mel)

Note: Although resulting integrand appears more complicated than the original one, it is amenable to partial fraction
expansion.

Rule:lf de-cf+#0 Am+1ez,then



Rules for integrands involving exponentials

f m+1 a+cj’—x f m+1 a+c‘bx
J(eﬁx)mFa*cbed]x_, (e+Fx)™ F'ea +deOg[F]\J\(e+ x)™ e o

£ (m+1) f (m+1) (c+dx)?

Program code:

Int[(e_.+f_.#x_)™m_«F_"(a_.+b_./(c_.+d_.*x_)),x_Symbol] :=

(e+'F*X) A (m+1) xF~ (a+b/ (c+d*x) )/('F* (m+1) ) +

bxdxLog [F]/(fx (m+1) ) +Int[ (e+Fxx)~ (m+l) «F~ (a+b/ (c+dxx)) / (c+dxx)~2,x] /;
FreeQ[{F,a,b,c,d,e,f},x] & NeQ[d+e-cf,0] && ILtQ[m,-1]

Fa+b (c+dx)"

X: ——dx whende-cf#0
e+fx

Rule:If de - c f # 9, then

Fa+b (c+dx)" Fa+b (c+dx)"

J—d]x — — dx
e+fx e+ fXx

Program code:

Int[F_~(a_.+b_.x(c_.+d_.*x_)*n_)/(e_.+f_.*x_),x_Symbol] :=
Unintegrable [F~ (a+bx (c+dxx)~n) / (e+fxx),x] /;
FreeQ[{F,a,b,c,d,e,f,n},x] & NeQ[d+e-cxf,0]
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Rules for integrands involving exponentials

3: Ju’"F"dlx whenu==e+fx A v=a+bx"

Derivation: Algebraic normalization
Rule:lff u==e+fx A v =a+bx" then

ju'" FYdx — J(e +f x)m Fa+0x" gx

Program code:
Int[u_"m_.xF_~v_,x_Symbol] :=

Int [ExpandToSum[u,x]*mxF~*ExpandToSum[v,x],x] /;
FreeQ[{F,m},x] && LinearQ[u,x] && BinomialQ[v,x] && Not[Linear‘MatchQ[u,x] && BinomialMatchQ[v,x]]

3. JPX Fa+b (c+dx)" dx

1: JPX Fa+b (c+dx)" dx

Derivation: Algebraic expansion

Rule:

ij Farb (c+dx)" gy J.Fa"b (¢+dX)" ExpandLinearProduct [Py, ¢, d, x] dx

Program code:

Int[u_*F_"(a_.+b_.x(c_.+d_.*x_)”"n_),x_Symbol] :=
Int[ExpandLinearProduct [F~ (a+bx (c+dxx)~n),u,c,d,x],x]| /;
FreeQ[{F,a,b,c,d,n},x] &% PolynomialQ[u,Xx]
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Rules for integrands involving exponentials

2: JPX F2*®V dx when v == (c+dx)"

Derivation: Algebraic normalization
Rule:If v == (c +d x)", then

fPX Fa+bv dx —s JPX Fa+b (c+dx)" dx

Program code:
Int[u_.*F_"(a_.+b_.*v_),x_Symbol] :=

Int[uxF~ (a+bxNormalizePowerOfLinear[v,x]),x] /;
FreeQ[{F,a,b},x] & PolynomialQ[u,x] && PowerOflLinearQ[v,x] && Not[PowerO-FLinear'MatchQ[v,x]]

x: JPX F**PY" dx when v ==c +d x

Derivation: Algebraic normalization
Rule: If v = c + d x, then

jPX Fa+bv" dx —s JPX Fa+b (c+dx)" dx

Program code:

(» Int[u_.*F_“~(a_.+b_.*v_"n_),x_Symbol] :=
Int [uxF” (a+bxExpandToSum[v,x]”n),x] /;
FreeQ[{F,a,b,n},x] & PolynomialQ[u,x] && LinearQ[v,x] && Not[LinearMatchQ[v,x]] =)
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Rules for integrands involving exponentials

X: J-Px FVdx when v=a+bx"

Derivation: Algebraic normalization

Rule: If v == a + b x", then
JbXFde — J}XFaw”"dx

Program code:

(» Int[u_.+F_“u_,x_Symbol] :=
Int [uxF~*ExpandToSum([u,x],x] /;
FreeQ[F,x] && PolynomialQ[u,x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x]] *)

F+cdx
4: dx whende-cf==0
(e+fx) (g + hx)

Derivation: Integration by substitution

b bh db_ gehx
_bh __db g+hx

is: — Fcax o d E" dgch dgch codx g+hx
Basis: If de-cf=eo,then —fe— . 4 fusiow o ph

c+dx

Rule:If d e - c f == 9, then

bh -dbx

b
F* e d STETTED g+hx
dx — ——Subst[ ———dx, Xx, ]
(e+fx) (g+hx) f(dg-ch) X c+dx

Program code:

Int[F_~(a_.+b_./(c_.+d_.#x_))/((e_.+F_.#x_)*(g_.+h_.*x_)),x_Symbol] :=
-d/ (fx (dxg-cxh) ) #Subst [Int [FA (a-bxh/ (d+g-cxh) +dxbxx/ (dxg-cxh)) /X,X],X, (g+h*x) / (c+d*x)] /;
FreeQ[{F,a,b,c,d,e,f},x] & EqQ[d+e-cxf,0]



Rules for integrands involving exponentials

e+f"ﬂ
3. [uF7 axdx
e+‘Fﬂ
1. J(g+hx)"‘F cax dX

a+bx
1: j(g+hx)mFe+fde when bc-ad==0

Derivation: Algebraic simplification

Basis:If bc —ad = 0,then 2x .. b

Rule:If bc - ad = 0, then

a+bx b
J(g+hx)'"Fe“°mdlx — Fe*fd'f(g+h><)mdlx

Program code:

Int[(g_.+h_.#x_) m_.«F_~(e_.+f_.#(a_.+b_.*x_)/(c_.+d_.*x_)),x_Symbol] :=
FA(e+fxb/d) »Int[ (g+hxx)”m,x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,m},x]| && EqQ[bxc-a+d,0]
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Rules for integrands involving exponentials

a+bx
2_J}g+thF“faﬁdxmmenbc-ad¢0

a+bx
1: J(g+hx)"‘Fe+fmdlx whenbc-ad#@ Adg-ch=0

Derivation: Algebraic normalization

1ce a+b x des+bf bc-ad
Basis: e+ c+dx  d f d (c+dx)

Rule:lf bc-ad+0© A dg-ch = 90,then

de+b f bc-ad

a+bx —f
j(g+hx)mFe+fmdx — J.(g+hx)’"F e T i) dx

Program code:

Int[(g_.+h_.#x_) m_.«F_~(e_.+f_.#(a_.+b_.*x_)/(c_.+d_.*x_)),x_Symbol] :=
Int[(g+h*x) "m*F"((d*e+b*'F)/d—'F* (bxc-axd) / (d* (c+d*Xx)) ) ,X] /5
FreeQ[{F,a,b,c,d,e,f,g,h,m},x]| && NeQ[bxc-axd,0] && EqQ[dxg-c=h,0]
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Rules for integrands involving exponentials

a+bx
2. f(g+hx)'“Fe+fEd1x whenbc-ad#0 A dg-ch#@

a+bx

Fe++—c+dx
1: dx whenbc-ad#@ Adg-ch#0
g+hx

Derivation: Algebraic expansion

BaSiS: 1 == d - dg-ch

g+hx h (c+dx) h (c+dx) (g+hx)

Rule:lf bc-ad+0 A dg-ch #0,then

a+bx a+bx a+bx
ef o 4 d (e fox 4 dg-ch efon 4
X — — X - X
g+hx h c+dx h (c+dx) (g+hx)

Program code:

Int[F_"(e_.+f_.(a_.+b_.*x_)/(c_.+d_.*x_))/(8_.+h_.*x_) ,x_Symbol] :=
d/hxInt [F" (e+f* (a+bxx) / (c+d*X) )/(c+d*x) ,X] -
(dxg-cxh) /h«Int[F~ (e+fx (a+bxx) / (c+dxX) ) /((c+d#x) * (g+hxx)),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h},x| && NeQ[bxc-a+d,0] & NeQ[dxg-cxh,0]

a+bx
2: j(g+hx)mFe+fmdx whenbc-ad#0 Adg-ch#0 Am+1ez”

Derivation: Integration by parts

.. m__ +h x m+1
Basis: (g + h x)™ == Oy ig—)—h meD)

Note: Although resulting integrand appears more complicated than the original one, it is amenable to partial fraction
expansion.

Rule:lf bc-ad+0@ Adg-ch+0 Am+1ez ,then
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Rules for integrands involving exponentials

a+bx
hx)™F*f e f (bc-ad) Log[F hx) ™1 EeF o
(g+hx)" Fe+f dlx—> (8 +hXx) ~ ( ) Log[F] (8 +hXx) dlx
h (m+1) h (m+1) (c+dx)?

Program code:

Int[(g_.+h_.#x_) m_F_"(e_.+f_.x(a_.+b_.*x_)/(c_.+d_.*x_)),x_Symbol] :=
(g+hxx) A (m+1) xF~ (e+-F* (a+bxx) / (c+d*X) )/(h* (m+1)) -
f*(b*c-a*d)*Log[F]/(h*(m+1))*Int[(g+h*x)A(m+1)*FA(e+f*(a+b*x)/(c+d*x))/(c+d*x)A2,x] /3
FreeQ[{F,a,b,c,d,e,f,g,h},x| && NeQ[bxc-a+d,0] & NeQ[dxg-cxh,0] & ILtQ[m,-1]

a+bx

Fe+f 5
2: dx whendg-ch=90
(g+hx) (i+3x)

Derivation: Integration by substitution

asbx F(bi-aj) (bc-ad)f isjx
arbx e _ igx

Tee . Fe‘**udx . d F di-cj di-cj csdx 1_+J_X
Basis: If dg-ch=e, then It .. 4 9, Llx
c+dx
Rule:If dg - c h == 9, then
asbx e, floi-ad) (be-ad) x
|:e"'F ax d d].c]J dicj 1+jX
dx — ——Subst[ —dlx, X, ]
(g+hx) (i+3x) h(di-cj) X c+dx

Program code:

Int[F_~(e_.+f_.x(a_.+b_.#x_)/(c_.+d_.*x_))/((8_.+h_.#x_)» (i_.+j_.*x_)),x_Symbol] :=
-d/(h* (d*i-cj)) Subst[Int [F~ (e+fx (bxi-axj)/(dxi-cxj)- (bxc-axrd) xFxx/(dxi-cxj))/x,x],x, (i+j*x)/(c+d*x)] /;
FreeQ[{F,a,b,c,d,e,f,g,h},x] && EqQ[dxg-c*h,0]
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Rules for integrands involving exponentials

4. Ju Fa+bx+cx2 dx

1. JFa+bx+cx2 dx
1: JFa+bx+cxz dx

Derivation: Algebraic expansion

4ac-b? . (b+2cx)?
4c 4c

Basis:a + b x + ¢ X% ==
Basis: F#*" == F# F"

Rule:

4ac-b? b+2cx)2
JF“""*”Hx — Fae JF( =L ax

Program code:

Int[F_"(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
F~ (a-b”2/ (4xc) ) *Int [F~ ( (b+2xcxXx) "2/ (4%c)),x] /;
FreeQ[{F,a,b,c},x]



Rules for integrands involving exponentials

2: J-F"dlx when v==a +bx + c x?

Derivation: Algebraic normalization

Rule: If v == a + b x + c X2, then

Program code:

Int[F_~v_,x_Symbol] :=
Int [FA*ExpandToSum[v,x],x] /;

JFV dx —s JFa+bx+c x2 dx

FreeQ[F,x] & QuadraticQ[v,x] && Not[QuadraticMatchQ[v,x]]
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Rules for integrands involving exponentials

2. J(d+ex)'"Fa*bX+“‘2 dx
1. J(d +ex)"F*Px X gy whenbe-2cd =0
1. J(d+ex)mFa+bx*cxzdx whenbe-2cd=0 Am>9

1: j(d+ex) Fasbx+cxX’ g% whenbe-2cd=-0

Derivation: Integration by substitution

Rule:If be - 2 cd == 9, then

J(d +ex) Farbxed gy

Program code:

Int[(d_.+e_.*x_)*F_~(a_.+b_.*Xx_+C_.*x_"2),x_Symbol] :=
exF” (a+bxx+cxx”*2) / (2xcxLog[F]) /;
FreeQ[{F,a,b,c,d,e},x] &% EqQ[bxe-2xcxd,0]

@ Fatbxsc x2

2clog[F]
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Rules for integrands involving exponentials

2: J(d+ex)mFa+bx+cxzdx whenbe-2cd=0 Am>1

Derivation: Inverted integration by parts

Rule:lf be-2cd =0 A m>1,then

e (d+ex) m-1 pa+b x+c x? (m-1) e2

2clLogl[F] _ZcLog[F]

J‘(d+e)()m|:a+bx+':XZ dx — J(d_'_ex)m—Z Fa+bx+¢:x2 dx

Program code:

Int[(d_.+e_.*x_)"m_+F_~(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=

ex (d+exx) A (m-1) xF~ (a+bxx+c*xx”2) / (2xcxLog[F]) -

(m-1) xe”2/ (2xcxLog[F]) *Int[ (d+exx) " (m-2) xF~ (a+bxx+c*xx"2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] & & EqQ[bxe-2xcxd,0] && GtQ[m,1]

2. J-(d+ex)’“Fa*b"*”2dlx whenbe-2cd=0 Am<o

Fa+bx+c x?

1: —— dx whenbe-2cd==0
d+ex

Rule:If be - 2 cd == 9, then

Fa+bx+c x?

1 b2
J— dx — — F® i ExpIntegralEi
d+ex 2e

(b+2cx)?Log[F]
[ pp ]

Program code:

Int[F_~(a_.+b_.*x_+c_.*x_"2)/(d_.+e_.*Xx_),x_Symbol] :=
1/ (2xe) xF~ (a-b”2/ (4xc) ) xExpIntegralEi[ (b+2xcxx)*2xLog[F]/ (4*c)] /;
FreeQ[{F,a,b,c,d,e},x] &% EqQ[bxe-2xcxd,0]



Rules for integrands involving exponentials

2: J(d+ex)mFa+bx+cxzdx whenbe-2cd=0 A m<-1

Derivation: Integration by parts

Rule:lf be-2cd =0 A m< -1,then

(d+ex) m+l pa+b x+c x2

2clog[F]

J(d rex)MFahxext gy
e (m+1)

Program code:

Int[(d_.+e_.*x_)"m_=*F_"(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=

(d+exx) ~ (m+1) *F~ (a+bxx+c*x”*2) / (ex (m+1)) -

2xcxLog[F]/ (e”2% (m+1) ) *Int[ (d+exx)” (m+2) *F~ (a+bx*x+c*x*2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] & & EqQ[bxe-2xcxd,0] && LtQ[m,-1]

T e (m+1)

J(d + eX)m+2 Fa+bx+cx2 dx
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Rules for integrands involving exponentials

2. J(d+ex)mra+bx+cxzdx whenbe-2cd#0
1. J(d+ex)"‘Fa*b’“”2d1x whenbe-2cd#@0 Am>0

1: -J-(d+ex) Fa+bx+ex’ 9y whenbe-2cd#0

Derivation: Inverted integration by parts

Rule:lf be -2 cd # 0, then

(d ) Fa+bx+cx2 d e Farbxecx’ be-2cd FE+bX+CX2 d
+eX X — - X
j 2clog[F] 2c J

Program code:

Int[(d_.+e_.*x_)*F_~(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
exF” (a+bxx+c*x”*2) / (2xcxLog[F]) -
(bxe-2xcxd) / (2xc) *Int [F~ (a+bxx+c*x"2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] && NeQ[bxe-2xcxd,0]
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Rules for integrands involving exponentials

2: J(d+ex)mFa+bx+cxzdx whenbe-2cd#0 A m>1

Derivation: Inverted integration by parts

Rule:lf be-2cd +0 A m>1,then

J(d rex)MEAhxex gy

e (d + ex) - Fa+bx+cxz be-2cd (d )m—l Fa+bX+CX2 d
- +ex X -
2clog[F] 2c f

Program code:

Int[(d_.+e_.*x_)"m_=*F_"(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=

ex (d+exx)~ (m-1) xF~ (a+bxx+c*x”2) / (2xcxLog[F]) -

(bxe-2xcxd) / (2xc) *Int[ (d+exx)~ (m-1) *F~ (a+b*x+c*x"2) ,x] -

(m-1) xe”2/ (2xcxLog[F]) *Int[ (d+exx) " (m-2) xF~ (a+bxx+c*x"2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] && NeQ[bxe-2xcxd,0] & GtQ[m,1]

(m-1) e?

2clog[F]

J.(d e X)m—z Fa+bx+cx2 dx
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Rules for integrands involving exponentials

2: j(d+ex)”Fa+bx*cxzdx whenbe-2cd#0 A m<-1

Derivation: Integration by parts

Rule:lf be-2cd+0 A m< -1, then

J(d rex)MEAhxex gy

(d + e x)™L pasbxsex’  (ha_2cd) Log[F]

J(d e X)m+1 Fa+bx+cx2 dx -

e (m+1) e (m+1) e? (m+1)

Program code:

Int[(d_.+e_.*x_)"m_+F_~(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
(d+exx) » (m+1) *xF~ (a+bxX+Cc*Xx”*2) / (ex (m+1)) -
(bxe-2xcxd) xLog[F]/ (e”2x (m+1) ) *Int [ (d+exx) " (m+1) xF~ (a+bxx+c*x"2) ,x] -
2xcxLog[F]/ (e”2% (m+1) ) *Int[ (d+exx)” (m+2) *F~ (a+bx*x+c*x*2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] & & NeQ[bxe-2xcxd,0] && LtQ[m,-1]

X: J(d + @ x) M Farbxrex® gy

Derivation: Algebraic normalization
Rule:if u==d+ex A v ==a+bx+cx?then

j(d+ex)mFa+bx+cx2dx N J(d+ex)m Fa+bx+cxzdlx

Program code:

Int[(d_.+e_.*x_)"m_.*xF_"(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
Unintegrable[ (d+exX) “mxF” (a+bxXx+cxx*2) ,x] /;
FreeQ[{F,a,b,c,d,e,m},x]

2clog[F]

‘J-(d + ex)m+2 Fa+bx+cx2 dx
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Rules for integrands involving exponentials

4: Ju’"F"dlx whenu==d+ex A v=a+bx+cx?

Derivation: Algebraic normalization
Rule:lf u==d+ex A v=a+bx+cx?then

Ju’" FYdx — J(d +ex)MFahxex’ gy

Program code:

Int[u_"m_.xF_~v_,x_Symbol] :=
Int [ExpandToSum[u,x]*mxF~*ExpandToSum[v,x],x] /;
FreeQ[{F,m},x] && LinearQ[u,x] && QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]]

5. Ju (a+b (Fe(99)")P qx

10 | x"Fe (90 (a4 pF2e(¢9)Pax whenm>@ A pez”

Derivation: Integration by parts

Rule:1f m >0 A p e Z,then

J.Xm Fe (c+d x) (a+bF2e(c+dx))ple — Xm J‘Fe (c+d x) (a+bF2e(c+dx))Pd]X_mJ.Xm—1 (.[Fe (c+d x) (a+bF2e(c+dx))Pdlx) dx

Program code:

Int[x_"m_.xF_~(e_.*(c_.+d_.*x_))=*(a_.+b_.*xF_~v_)"p_ ,x_Symbol] :=
With[{u=IntHide [F" (ex (c+d*X)) » (a+bxF"v)~p,x]},
Dist[x"m,u,x] - mxInt[x"(m-1)+u,x]] /;

FreeQ[{F,a,b,c,d,e},x] & & EqQ[v,2xex (c+d*x)] && GtQ[m,0] && ILtQ[p,0]
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Rules for integrands involving exponentials

2. J(Gh (F+8)" (a+ b (Fe(*9)")P ax when den Log[F] == ghmLog[G]

1: J(Fe (c+dx))n (a+b (Fe (c+dx))")Pd]x

Derivation: Integration by substitution

Basist F€(€19%1) " [a + b (F* (40| "|7 — G subst [ (a+ bx)?, X, (9% 7] oy (Fe (40"

denlog

Rule:

1

Fe (c+dx)\n b Fe (c+dx)\ N Pd]
j( ) (a+ ( )) X_)denLog[F]

Subst [j(a +bx)Pdx, X, (Fe (c+dx))n]

Program code:

Int[(F_"*(e_.*(c_.+d_.*x_)))"n_.*x(a_+b_.*(F_~(e_.*x(c_.+d_.*x_)))”*n_.)"p_.,x_Symbol] :=
1/ (d*exnxLog[F]) *Subst [Int[ (a+bxx)~p,x],x, (F~ (ex (c+d*x)))"n] /;
FreeQ[{FJanJchJeJan})x]
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Rules for integrands involving exponentials

2: J.(Gh (F80)" (a+ b (Fe(*9)")P dax when denLog[F] == ghmLog[G]

Derivation: Piecewise constant extraction

Gh (f+gx)\™

(Fe (c+d x) ) n

Basis:If denLog[F] ==ghmLog[G],then oy

Rule:if denLog[F] == ghmLog[G], then

j(Gh (f+gx) )"‘ (a +b (Fe (c+dx))n)P dx —

Program code:

Gh (f+gx) ) m

(Fe (c+d x) ) n

::@

j(pe (€)™ (a4 (FE(©+90)")P ax

Int[(G_~(h_. (f_.+g_-#x_)))"m_.(a_+b_.x (F_"(e_.*(c_.+d_.*x_)))"n_.) p_.,x_Symbol] :=
(G~ (h« (f+g=*x)) )"m/(F" (ex (c+d*x)) ) ~nxInt[ (F~ (ex (c+d*X)) ) n* (a+b* (F* (ex (c+dxx)))”n)*p,x] /;

FreeQ[{F,G,a,b,c,d,e,f,g,h,m,n,p},x] && EqQ[d+exnxLog[F],g+h«mxLog[G]]

3. JGh (f+gx) (a+bFe (::+dx))PdlX

1 Gh (f+g x) (a+bFe (c+dx))Pd1X when ghlog[G] eR
' delLog[F]

1: 6" 80 (a4 bFe(9)P ax when Abs[w] >1
deLog[F]

Derivation: Integration by substitution

Basis: If k € Zz A k 81Lo8[GL ¢ 7 then

delog[F]
fhocsh ghlog(G
G" (fr&x) (g pFe(cdx) )P - K6 guphst | X" detosr
delLog[F]

Rule: If Abs | gg—tﬁgé%] > 1, then

(a+bx¥)P, x, F757 | ocF

e (c+dx)
k
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Rules for integrands involving exponentials

cgh

h-<8

kG d ghLog(6] e (c+dx)

JG" (F+8) (a+bFe 99 )Pax — —Subst[kadeLog[Fl'l (a+bx*)?dx, x, F« ]
delog[F]

Program code:

Int[G_~(h_. (f_.+g_.#x_))*(a_+b_.*F_~(e_.x(c_.+d_.#x_)))"p_.,x_Symbol] :=
With[{m=FullSimplify[g+hLog[G]/ (d+exLog[F1)1},
Denominator [m] xG* (fxh-cxgxh/d) / (dxexLog[F]) xSubst [Int[x" (Numerator [m]-1)  (a+bxx"Denominator[m] ) *p,x],X,F* (ex (c+d«x) /Denominator[m])] /;
LeQ[m,-1] || GeQ[m,1]] /;
FreeQ[{F,G,a,b,c,d,e,f,g,h,p},x]

2: | G"*8% (a4 bFe(<99)Pax when Abs[—gi—]-deLo E ]>1
ghlog[G]

Derivation: Integration by substitution

Basis: IfkeZ/\ke—LO&ueZthen

ghLog[G]
_def delog[F p fig X) (fF+g X)
Gh (FeX) (a1 bFe C*dX>)p: WSubst[ k-1 (a+bF s X gmoée) )X, G*L} 8, G e

Rule: If Abs [ ;ﬁ—tgg%] > 1, then

def deLog[F] h (f+gx)

k p
JG" (F+82) (a+bFe (r99)Pax — —Subst[jxk'l (a+ bF % x gmgm] dx, x, G~ « ]
ghLog[G]

Program code:

Int[G_~(h_. (f_.+g_.#x_))*(a_+b_.*F_~(e_.x(c_.+d_.#x_)))"p_.,x_Symbol] :=
With[{m=FullSimplify[d«exLog[F]/(gxhxLog[G])1},
Denominator [m] / (gxhxLog[G]) »Subst [Int[x" (Denominator [m]-1) » (a+bxF~ (cxe-dxexf/g) xx"Numerator [m] ) *p,x] ,X,G" (hx (f+gx) /Denominator [m])] /;
LtQ[m,-1] || GtQ[m,1]] /;

FreeQ[{F,G,a,b,c,d,e,f,g,h,p},x]

41



Rules for integrands involving exponentials

2 Gh (f+gx) (a+bFe (c+dx))Pd1X when ghlog[G] ¢R
) delog[F]

1: [6" 80 (a+bFe(*99)Pax when p e z*

Rule: If p € Z7, then

th (482 (a+bFe (99 )Pax — JExpand [6" F+8X) (a+bFe (*92)P] ax

Program code:

Int[G_~(h_. (f_.+g_.#x_))*(a_+b_.*F_~(e_.x(c_.+d_.#x_)))"p_.,x_Symbol] :=
Int[Expand[G"(h* (f+g*x))*(a+b*F"(e* (c+d*x)))"p,x],x] /3
FreeQ[{F,G,a,b,c,d,e,f,g,h},x]| && IGtQ[p,0]

2: JG" (7489 (a+bFe(*9)Pax whenpez™ v a>0

Rule:lif pez~ Vv a > 0,then

h (f+
aP gh (f+gx) ghlLog[G] ghlLog[G] .1, _EFE(MX)]

delog[F] delLog[F] a

JGh (f+gx) (a+bF® (c+dx) ) Pdx — Hypergeometric2F1 [—p,

ghlog[G]

Program code:

Int[G_~(h_. (f_.+g_.#x_))*(a_+b_.*F_~(e_.x(c_.+d_.*x_)))"p_,x_Symbol] :=
arpG” (hx (f+g+x) ) / (gxhxLog[G]) xHypergeometric2F1[-p,g+hxLog[G] / (dxexLog[F]),g+h«Log[G]/ (dxexLog[F])+1,Simplify[-b/a*F~ (ex (c+d#x))1] /;
FreeQ[{F,G,a,b,c,d,e,f,g,h,p},x] & (ILtQ[p,0] || GtQ[a,0])



Rules for integrands involving exponentials

3: | 6" (89 (a+bF*(<*¥)Pdx when -~ (pez” v a>0)

Derivation: Piecewise constant extraction

N e e
Basis: Oy (1 bF“dx‘)p ==

a

Rule:If - (pez~ Vv a>0),then

(a+bFe (c+dx))P b p
6" (8 (a4 b e (©49)Pax —th (Frgx) [1+ 2 e (c+dx)] dx
(1+ EFe (c+dx))p a
a

Program code:
Int[G_~(h_. (f_.+g_.#x_))*(a_+b_.*F_~(e_.x(c_.+d_.*x_)))"p_,x_Symbol] :=

(a+bxF~ (ex (c+d#x)) ) ~p/ (1+ (b/a) xF~ (ex (c+dxx) ) ) “p+Int [G~ (hx (f+g#X) ) * (1+b/axF" (ex (c+d#x)))*p,Xx] /;
FreeQ[{F,G,a,b,c,d,e,f,g,h,p},x] && Not[ILtQ[p,@] || GtQ[a,0]]

3: [6"" (a+bF°Y)Pdx whenu==Ff+gx A v=c+dx

Derivation: Algebraic normalization
Rule:lf u=f+gx A v=1c+dx,then

JGhu (a+bFe")”dlx — [gh e (a+bFe (c+dx))Pd1X

Program code:

Int[G_~(h_.u_)x(a_+b_.*F_"(e_.»v_))”p_,x_Symbol] :=
Int [G” (hxExpandToSum[u,Xx]) * (a+b*F” (exExpandToSum[v,x]))*p,Xx] /;
FreeQ[{F,G,a,b,e,h,p},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]
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Rules for integrands involving exponentials

4. J(e+fx)'" (a+bFEEI0)P (¢4 dFM +39)9ax when (p|q) €z A ﬁeIR

(c+dx)™Fg(erfx)
X: J

dx whenos<B&_1<&
a_‘_th(eH:x) h h

Derivation: Algebraic expansion

... 87 __ Fhz  afEhz
Basis: — 7 = b (arb F77)

Rule: If @ < ﬁ -1< ﬁ,then

J‘(C +dx)™Fe (e+fx

a (c+dx)"FEM (e+fx)
a+th (e+f x) j

1
dx — — J(c +dx)"FEM (eFx) gy —
b b a_'_th(eH"x)

Program code:

(* Int[(c_.+d_.sx_)"m_.+F_~(g_.#(e_.+f_.#x_))/(a_+b_.+F_~(h_.#(e_.+f_.4x_))),x_Symbol] :=
1/b*Int[(c+d*x)"m*F"((g-h)*(e+f*x)),x] -
a/bxInt[ (c+dxx) "m+F~ ((g-h) » (e+fxx))/(a+bxF~ (hx (e+fxx))),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,m},x] & LeQ[@,g/h-1,g/h] *)

dx
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Rules for integrands involving exponentials

(c +dx)™Fe (erfx)
X: dx when <8 4:1<0
a+th (e+f x) h h

Derivation: Algebraic expansion

., Fg8z o & _ bF(g+h)z
Basis: atbFhz 7 a a (a+b F"?)

Rule: If ﬁ < ﬁ +1 < 9, then

dx
a

f(c +dx)"Fe (e x)

1 b (c+dx)™FEM (e+fx)
dax — —j(c+dx)mFg(e+fX) dx - —j
a+bFh(e+fx) a

a+b Fh (e+f x)

Program code:

(* Int[(c_.+d_.*x_) "m_.*F_"(g_.*(e_.+f_.*x_))/(a_+b_.*F_"(h_.*(e
1/axInt[ (c+d#x) *mxF~ (g (e+fxx)),x] -
b/axInt [ (c+d*Xx) "m*F"( (g+h) = (e+'F*x) )/(a+b*F" (h* (e+f*x) ) ) ,x] /8
FreeQ[{F,a,b,c,d,e,f,g,h,m},x] && LeQ[g/h,g/h+1,0] x)

.+f_.#x_))),x_Symbol] :=
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Rules for integrands involving exponentials

1: J(e+fx)'" (a+bFY)? (c+dF')%dx when (p|q) ez A %G]R

Derivation: Algebraic expansion

Rule:if (p | q) ez A | €R,then

j(e+fx)'" (a+bF')? (c+dF')%dx — J(e++‘x)"‘ExpandIntegr‘and[(a+bF”)" (c+dFY)%, x] ax

Program code:

Int[(e_.+Ff_.#x_) m_.*(a_.+b_.*F_"u_)"p_.*(c_.+d_.xF_"v_)~q_.,x_Symbol] :=
With[{w=ExpandIntegrand [ (e+fxx)~m, (a+bxF*u)~px (c+dxF v)~q,x]},
Int[w,x] /;

sumQ[wl] /;

FreeQ[{F,a,b,c,d,e,f,m},x] & IntegersQ[p,q] & LinearQ[{u,v},x] && RationalQ[Simplify[u/v]]
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Rules for integrands involving exponentials

5. JGh (f+gx) Ht (r+sx) (a +bF® (c+d x) ) p dx

1: [gh (Frex) e (resx) (a +bE® (c+dx))Pd]x when ghLogd[:L];gs[tFl]-og[H] R

Derivation: Integration by substitution

Rule:If k e z A k 8hloglGlestlog[Hl . 7 thep

delog|[F]
fhoc8h  gp_cst ghlog[Gl+stLog[H] e (c+dx
Gh (f+gx) Ht (r+sx) <a+bFe c+dx)>P kG~ s H ¢ gupst Xk deLog[F] 1 <a+bxk>p, X, F «
delog|F]
Rule: If 8hloglGlsstlog[H] - p then
delog[F]
kG h_Lh = | EnLoglG]+5 t Log[H e (c+dx)
JGh (F1820 YE (r+520 (3, pFe ()P gy y Subst[j T (a+bx*)Pdx, x, F7« ]
e Log[F]

Program code:

Int[G_~(h_. (F_.+g_.#x_))*H_~(t_. (r_.+s_.*x_))*(a_+b_.«F_"(e_.*(c_.+d_.*x_))) " p_.,x_Symbol] :=
With[{m=FullSimplify[ (gxh+Log[G]+s+txLog[H])/ (d+exLog[F1)1},
Denominator [m] G~ (fxh-cxgxh/d) #H" (rxt-cxs«t/d) / (dxexLog[F]) *
Subst [Int[x” (Numerator [m]-1) « (a+bxx"Denominator[m])~p,x],X,F* (ex (c+d«x) /Denominator[m])] /;
RationalQ[m]] /;
FreeQ[{F,G,H,a,b,c,d,e,f,g,h,r,s,t,p},x]

}@XF

e (c+dx)
k
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Rules for integrands involving exponentials

2. J-Gh (f+gx) Ht (r+sx) (a +bE® (c+d x) ) P dx when ghLogd :L;gs[tFI]_og H ¢R

1. | 6" (Fr80 Ht (+s0 (34 pFe(<90)Pax when pez

1: | G" (F+8X) HE (s (34 pFe (+99)P gx when dep Log[F] +ghLog[G] =@ A pez

Derivation: Algebraic simplification
Basis:If dep Log[F] + gh Log[G] == @ A p € Z,thenG" (f+8X) GgF-F)h <|:e (c+dx) ) P

Rule:If dep Log[F] + ghLog[G] =@ A p € Z,then

JGh (FrgX) Yt (r+5%) (a +bE® (c+dx))Pdlx - G(f-ch) h J(Fe (c+dx))-P HE (F+s %) (a +bEe (c+dx))Pd]X - G(f-%) h JHt (r+s x) (b +aFe (C"dx))pd]x

Program code:
Int[G_~(h_. (f_.+g_.#x_))*H_~(t_. (r_.+s_.*x_))*(a_+b_.«F_"(e_.*(c_.+d_.*x_))) p_.,x_Symbol] :=

G~ ((F-cxg/d) #h) *Int [HA (t* (r+5%X) ) » (b+axF~ (-ex (c+d*X)) ) "p,X] /3
FreeQ[{F,G,H,a,b,c,d,e,f,g,h,r,s,t},x| && EqQ[dxexpxLog[F]+g+hxLog[G],0] & IntegerQ[p]

2: JG“ (7820 Yt (1) (3 4 b Fe <+ )P ax when p e z*

Rule: If p € Z7, then

JGh (f+gx) Ht (r+s x) (a +bF® (c+d x) ) P dx — JExpand [Gh (f+gx) Ht (r+sx) (a +bF® (c+d x) ) P] dx

Program code:

Int[G_~(h_. (f_.+g_.*X_))*H_"(t_. (r_.+s_.*x_))*(a_+b_.*F_~(e_.x(c_.+d_.*x_)))"p_.,x_Symbol] :=
Int[Expand [G" (hx (f+gxX) ) *H" (t# (r+S*X) ) * (a+b*F~ (ex (c+d*x) ) ) ~p,x],x]| /3
FreeQ[{F,G,H,a,b,c,d,e,f,g,h,r,s,t},x] && IGtQ[p,0]
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Rules for integrands involving exponentials

3: [ Gh (frex) gt (r+sx) (a+bF® (c+dx) )P dx when p e z"

Rule: If p € Z7, then

p h (f+gx) yt (r+sx)
aP G H ghLog[G] + stLog[H] ghLog[G] +s tLog[H] 1, _EFe(udX)]

delLog[F] ’ delLog[F] a

th (frgx) Yt (r+sx) (a + b Ee (€+dX) ) Pdx — Hypergeometric2F1 [—p,

ghLog[G] +s tLog[H]

Program code:

Int[G_~(h_. (f_.+g_.*X_))*H_"(t_. (r_.+s_.*x_))*(a_+b_.*F_"(e_.x(c_.+d_.*x_)))"p_,x_Symbol] :=
a*pxG” (h* (-F+g*x) ) *H” (t* (r+sxx) ) / (gxhxLog[G] +s*txLog[H])
HypergeometriczFl[—p, (gxhxLog[G] +s*xtxLog[H]) / (dxexLog[F]), (gxhxLog[G] +s*txLog[H]) / (dxexLog[F]) +1,Simplify[-b/axF" (ex (c+d*Xx)) ]] /3
FreeQ[{F,G,H,a,b,c,d,e,f,g,h,r,s,t},x| && ILtQ[p,0]

2: JGh (f+gx) Ht (r+s x) (a +b E® (c+dx))P dx when p ¢z

Rule: If p ¢ Z, then

Gh (f+gx) Ht (r+sx) (a +bFe (c+d x) ) p

J\Gh (f+gx) Ht (r+s x) (a +b Fe (c+dx))Pd1x s

+b Ee (csdx) | P
(ghmgm]+stmgm])ﬁi%r—ﬁ

_—E® (c+d x)

3

ghLog[G] + stLog[H] ghLog[G] +stLog[H] ) b ]
+
delog[F] ’ delog[F] a

HypergeometricZFl[—p,

Program code:

Int[G_~(h_. (f_.+g_.#x_) ) *H_"(t_. (r_.+s_.#x_))*(a_+b_.*F_~(e_.x(c_.+d_.*x_)))"p_,x_Symbol] :=
G” (h (F+gxx) ) #HA (t# (P+5xX) ) * (a+bxF~ (ex (c+d*x)) ) ~p/ ((g*hxLog [G] +sxtxLog[H]) » ((a+b*F~ (ex (c+dxX))) /a)"p) *
HypergeometricZFl[-p, (gxhxLog[G] +s*txLog[H]) / (dxexLog[F]), (g*hxLog[G] +s*txLog[H]) / (dxexLog[F]) +1,Simplify[-b/a*F" (e* (c+dxX)) ]] /;
FreeQ[{F,G,H,a,b,c,d,e,f,g,h,r,s,t,p},x] & Not[IntegerQ[p]]
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Rules for integrands involving exponentials

3: |G"UH™ (a+bF®Y)Pdx whenu=f+gX A V=C+dX A W=r+sX

Derivation: Algebraic normalization
Rule:lf u==f+gx Av=c+dx A w=r+sXx,then

thu Htw (a " bFev)Pd]x — Gh (f+gx) Ht (r+sx) (a +bFe (c+dx))Pd]X

Program code:

Int[G_~(h_.u_)*H_~(t_.w_)*(a_+b_.*F_~(e_.%xv_))”*p_,x_Symbol] :=
Int [G" (hxExpandToSum[u,Xx]) *H” (t*ExpandToSum[w,x] ) * (a+b*xF~ (exExpandToSum[v,x]))*p,Xx] /;
FreeQ[{F,G,H,a,b,e,h,t,p},x] && LinearQ[{u,v,w},x] && Not[LinearMatchQ[{u,v,w},x]]
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Rules for integrands involving exponentials

6. ju Ee (c+d x) (a x" + b F® (c+dx))Pd1X

1: JFe (c+d x) (ax"+bFe (c+dx))Ple when p¢_1

Derivation: Integration by parts

+ +1 - +
Basis: F® (¢+4%) (a x" 1 b Fe (4% )P g, (axM+bFe(©@))P anx"t (axt+bFe ()"

bde (p+1) Log[F] bdelog[F]

Rule: If p # -1, then

ax" + b Fe (c+dx) p+1
er(c+dx) (axn+bFe(c+dx))Pdlx — ( ) an

bde (p+1) Log[F] ) bde Log[F]
Program code:

Int[F_~(e_.*(c_.+d_.*x_))=*(a_.*x_"n_.+b_.*F_~(e_.x(c_.+d_.*x_)))"p_.,x_Symbol] :=
(a*x*n+bxF” (ex (c+dxx)) )" (p+1) / (bxdxex (p+1) xLog[F]) -
axn/ (bxdxexLog[F]) *Int [x” (n-1) * (a*x*n+bxF~ (ex (c+dxx)) ) p,x] /;
FreeQ[{F,a,b,c,d,e,n,p},x] &% NeQ[p,-1]

J-Xn—l (a X" +b Fe (c+dx))P dx
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Rules for integrands involving exponentials

2: | x"Fe 90 (ax" 4+ bFe(9)Pdax when p # -1

Derivation: Integration by parts

Basis: x ge (c+dx (a X" 4+ b F€ (c+dx) ) P xn g, {ax+bFe ()P anx™? (ax"+bFe ()P
: X bde (p+1) Log[F] bdeLog[F]

Rule:If p # -1, then
J.Xm Fc+dx (a x" +bFC+dX)ple —

1
XM (axn+bFe(c+dx))P+ an m

Jxmm-l (a x" + b F® (c+d x) ) p dx -

bde (p+1) Log[F] _bdeLog[F] bde (p+1) Log[F]

Program code:

Int[x_"m_.xF_~(e_.*(c_.+d_.*x_))*(a_.*x_"n_.+b_.*F_"(e_.*(c_.+d_.*x_)))"p_.,x_Symbol] :=
X mx (a*x*n+bxF” (ex (c+d*x) ) )~ (p+1) / (bxdxex (p+1) xLog[F]) -
axn/ (bxdxexLog[F]) *Int [x* (m+n-1) * (a*x*n+bxF" (ex (c+d*x)))*p,x] -
m/ (bxdxex (p+1) *Log[F]) *Int [x” (m-1) x (a*X*n+bxF” (e* (c+d*x) ) )" (p+1),x] /;

FreeQ[ {F,a,b,c,d,e,m,n,p},x] &% NeQ[p,-1]

u(f+gx)"
7.j ( ) dx when Vb%2-4ac #0 A mez*

a+b Fd+ex +C F2 (d+e x)

f+gx)"
1:J~ ( ) dx when Vb%2-4ac #0 A mez*

a+b Fd+ex +C FZ (d+e x)

Derivation: Algebraic expansion

m
. _ | Rh2 1 L 2c 2c
Basis: If q= b®-4ac,then atbzicz?2 = q (b-gq+2cz) q (b+g+2cCz)
n
Rule:If \/b2-4ac +@ Amez*,letq=+/b?>-4ac,then

jx’"'l (a X" + b Fe (c+dX) ) P+ ax
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Rules for integrands involving exponentials

[ lenl g, ep el sep (el

a + b Fd*ex 4 ¢ F2 (dvex) q b-q+2cFd+ex q b+q+2cFd+ex

Program code:

Int[(f_.+g_.#x_)™m_./(a_.+b_.«F_*u_+c_.«F_"v_),x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
2xc/q+Int[ (frgsx) m/ (b-q+2xcxFru) ,x] - 2xc/q+Int[ (f+gsx) m/(b+q+2xcxFru),x]] /;
FreeQ[{F,a,b,c,f,g},x] && EqQ[v,2+u] & LinearQ[u,x] & NeQ[b"2-4xaxc,0] & IGtQ[m,0]

£+ gx)" Fdrex
2:j ( ) dx when Vb%2-4ac #0 A meZ*

a+b Fd+ex +C F2 (d+e x)

Derivation: Algebraic expansion

n
L _ ]/ h2 1 - 2cC 2cC
Basis: If q = \/b® -4 ac,then a+bz+cz? = q(b-q+2cz) q (b+q+2c2)
[
Rule:If \/b2-4ac #+@ Amez*,letq=+/b?>-4ac,then

J‘ (f+gx)mFd+ex 2¢ (_F+gx)mFd+ex 2¢ (f+gX)mFd+ex
——————dx- —J—

dx —» — dx

a + b Fd*eXx 4 ¢ F2 (dvex) q b-q+2cFdex q b+q+2cFdex

Program code:

Int[(f_.+g_.*x_) m_.*F_"u_/(a_.+b_.*F_~u_+c_.*F_"v_ ) ,x_Symbol] 8=
With[{q=Rt[b*2-4xaxc,2]},
2xc/q+Int[ (Frgex) "meFru/ (b-q+2xcxFru) ,x]| - 2xc/qxInt[ (f+gsx) mxFru/ (b+q+2xcxFru),x]] /5
FreeQ[{F,a,b,c,f,g},x] && EqQ[v,2+u] & LinearQ[u,x] & NeQ[b"2-4xaxc,0] & IGtQ[m,0]
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Rules for integrands involving exponentials

'F+gX h+iFd+ex
3: J )cﬂxwheanZ-4ac #0 Amez*

a+b Fd+ex +C FZ (d+e x)

Derivation: Algebraic expansion

n
e _ </ h2 _ h+iz __ [(2ch-bi : _
Basis: If q=1/b 4ac,then atbz+cz?2 < q - 1> b-g+2cz

|
Rule:If \/b?-4ac #@ Amez* letq=+/b?>-4ac,then

dx

J-(f+gx)'“(h+iFd+”) B [ZCh_bi+i)J (Frgx)"

a_'_b|:d+ex_'_cI:Z(d+ex) q

Program code:

Int[(f_.+g_.#x_)"m_.x(h_+i_.*F_"u_)/(a_.+b_.*F_"u_+c_.«F_"v_),x_Symbol] :=

With[{q=Rt[b"2-4+axc,2]},
(Simplify[ (2xcxh-b+i) /q] +i) +Int[ (f+g+x)~m/(b-q+2xcxFru),x] -
(Simplify[ (2xcxh-bxi) /q]-i) xInt[ (f+gxx) m/ (b+q+2xcxFru),x]] /;

FreeQ[{F,a,b,c,f,g,h,i},x] & EqQ[v,2su] 8&& LinearQ[u,x] && NeQ[b"2-4xaxc,0] && IGtQ[m,0]

1 <2ch—bi —i) 1
q b+g+2cz
[Zch—bi )I (F+gx)"
- -1
b-q+2cFdex q b +q+2cFdex

dx
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Rules for integrands involving exponentials

u
8. j dx
a+b Fd+ex +C F—(d+ex)

xm
1: j dx when m>®©
a Fc+dx +b F-(c+d*x)

Derivation: Integration by parts

Rule: If m > 0, then

x" 1 1 1
j dx — x'“j dx—mjx'"‘ j dx dx
a Fc+dx +b F—(c+d*x) a Fc+dx +b F—(c+d*x) a Fc+dx +b F—(c+d*x)

Program code:

Int[x_"m_./(a_.*F_~(c_.+d_.*x_)+b_.*xF_~v_),x_Symbol] :=
With[{u=IntHide[1/ (a*F" (c+d*X) +bxF~v),x]},
X m#u - m*Int[x"(m—l)*u,x]] /5

FreeQ[{F,a,b,c,d},x] && EqQ[Vv,- (c+d*xx)] && GtQ[m,0]



Rules for integrands involving exponentials 56

u
2: j dx
a+b Fd+ex +C F—(d+ex)

Derivation: Algebraic simplification

H 1 L z
Basis: a § " c+az+b z2

+bz+=

Rule:

u Fd+ex

u
dx — dx
Ja+ de+ex +C F—(d+ex) JC +a Fd+ex +bF2 (d+e x)

Program code:

Int[u_/(a_+b_.*F_~v_+c_.xF_"~w_) ,x_Symbol] :=
Int[uxFAv/ (c+axFAv+bxF~ (2xVv) ) ,x] /;
FreeQ[{F,a,b,c},x] && EqQ[w,-Vv] && LinearQ[v,x] &&
If[RationalQ[Coefficient[v,x,1]], GtQ[Coefficient[v,x,1],0], LtQ[LeafCount[v],LeafCount[w]]]



Rules for integrands involving exponentials

uFe (d+ex)"
9. j—d]x
a+bx+cx?

F8 (d+ex)"
1: j dx
a+bx+cx?

Derivation: Algebraic expansion

Rule:

F8 (d+e x) 1
(d+ex)"
J— dx — JFg ExpandIntegrand [

,x]dlx
a+bx+cx?

a+bx+cx?

Program code:

Int[F_~(g_.*(d_.+e_.*x_)"n_.)/(a_.+b_.*X_+C_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand [F~ (g (d+e%Xx)”n),1/ (a+bxXx+c*x*2) ,x],x] /;
FreeQ[{F,a,b,c,d,e,g,n},x]

Int[F_"(g_.*(d_.+e_.*x_)"n_.)/(a_+c_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand [F~ (g (d+e%Xx)”n),1/ (a+Cc*Xx"2),x],X] /;
FreeQ[{F,a,c,d,e,g,n},x]
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Rules for integrands involving exponentials

Pm Fg (d+ex)"
2: JN dx
a+bx+cx?

Derivation: Algebraic expansion

Rule:

PQ 33 (d+ex)" .
J—Z dx — JFg (d+ex) ExpandIntegrand[
a+bx+cx

Program code:

Int[u_"m_.xF_~(g_.*(d_.+e_.*x_)"n_.)/(a_.+b_.*x_+c_xx_"2),x_Symbol] :=
Int [ExpandIntegrand [F~ (g* (d+exX)~n) ,u*m/ (a+bxx+c*x*2) ,x],x] /;
FreeQ[{F,a,b,c,d,e,g,n},x] & PolynomialQ[u,x] && IntegerQ[m]

Int[u_"m_.xF_~(g_.*(d_.+e_.*x_)"n_.)/(a_+c_xx_"2),x_Symbol] :=
Int [ExpandIntegrand [F~ (g* (d+exX)*n) ,u™m/ (a+c*x”"2) ,x],x] /;
FreeQ[{F,a,c,d,e,g,n},x] & & PolynomialQ[u,x] && IntegerQ[m]

Pm

X

a+bx+cx?

,x]dx
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Rules for integrands involving exponentials

10: J‘Fat_:ddlx
Derivation: Integration by substitution

Rule:

a+bx*
F ¢ dx —

\/;Exp[z\/—a Log[F] V -bLog[F] ]Er‘f[m+x‘ =0 Log(F] XZ] \/;Exp[—z\/—a Log[F] V -bLog[F] ]Er‘f[m_x‘ ~bLog[F] XZ]

4+ -bLog[F] 4+ -bLog[F]

Program code:

Int[F_~((a_.+b_.*x_%4) /x_"2),x_Symbol] :=
Sqrt[Pi] «Exp[2xSqrt[-axLog[F]]+Sqrt[-bxLog[F]]]+Erf[(Sqrt[-axLog[F]]+Sqrt[-bxLog[F]]*x"2) /x1/
(4%Sqrt[-bxLog[F]]) -
Sgrt [Pi] *Exp[-2xSqrt[-axLog[F]]*Sqrt[-bxLog[F]]]*Erf[ (Sqrt[-axLog[F]]-Sqrt[-bxLog[F]]*x"2) /x]/
(4xSqrt[-bxLog[F1]) /;
FreeQ[{F,a,b},x]
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Rules for integrands involving exponentials

11: fx'" (ex+x"')"dlx whenm>0 A n<® An#-1

Derivation: Algebraic expansion

Basis: X" (€ +X")" = — (@ +mx" ) (& +x") "+ (eX+x")M mx™t (eX 4 x™)"

Rule:lf m>0 A n<@® A n+# -1,then

(ex + x"‘)"+1

J-x'“ (e +x")"dx — - + J.(ex + x'“)n+1 dx + mJ-x'"‘1 (e +x")"ax

n+1

Program code:

Int[x_"m_.* (E*X_+x_"m_.)"n_,x_Symbol] :=
- (EAX+X™m) ~ (n+1) / (n+1) +
Int[ (EAx+x*m)~ (n+1) ,x] +
m*xInt [x* (m-1) * (EAX+X*m) *n,x] /;
RationalQ[m,n] && GtQ[m,0] & LtQ[n,0] && NeQ[n,-1]
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Rules for integrands involving exponentials

12: ju Fa (vibloglz]) gy

Derivation: Algebraic simplification

Basis: F @ (viblog[z]) __ Fav ZabLog[F}

Rule:

Ju E? (v+bLog[z]) dx — J.u Fav ZabLog[F] dx

Program code:

Int[u_.*xF_~(a_.*(v_.+b_.xLog[z_])),x_Symbol] :=
Int [uxF~ (axVv) *z” (axbxLog[F]),x] /;
FreeQ[{F,a,b},x]

13. ju Ef (a+bLog[c (d+ex)"]?) dx

1: JFf (a+bLog|c (d+ex)"]2) dx

Derivation: Piecewise constant extraction, algebraic simplification, and integration by substitution

Basis: 9, —d*€x___ __ 9
(c (dvex)M)n

Basis: (¢ (d +ex)") - Ff(arbloglc (drex)"]?) __ ea1:Log[F]+Q’§JC—(:*ﬂ)1L+bFLog[F] Log[c (d+ex)"]?

Basis: G[Logfzf:;ex’n” == - Subst[G[x], X, Log[c (d+ex)"]] dxLog[c (d+ex)"]

Rule:

1
n\ 7 ff (arbLogfc (d+ex)"]?)
JFf(a+bLog[c (d+ex)"]?) dx —s d+ex J(c (d+ex) ) dx

c(d+ex)") d+ex

1
n



Rules for integrands involving exponentials

d+ex eafLog[F]+M+bfLog[F] Log|c (d+ex)"]1
— 1 dx
(c(d+ex)")r d+ex
d+ex afLog[F]+X+bf Log[F] x? n
— - Subst[je " dx, x, Log[c (d+ex) ]]

en (c(d+ex)")

Program code:
Int[F_~(f_.x(a_.+b_.*Log[c_.(d_.+e_.*x_)"n_.]"2)),x_Symbol] :=

(d+exx) / (exnx (Cx (d+exx) ~n)~ (1/n) ) xSubst [Int [E~ (axfxLog [F]+X/n+bxfxLog[F]#x"2),x],x,Log[cx (d+exx)*n]] /;
FreeQ[{F,a,b,c,d,e,f,n},x]

2. J(g +hx)" Ef (a+b Log[c (d+ex)"]?) dx

1 j(g+ hx)™ F * (a+bLog[c (@+e0"]*) gy when eg-dh =0

Derivation: Piecewise constant extraction, algebraic simplification, and integration by substitution

Basis: If e g — d h == 0,then 5, —(&hx)™>_ ¢

(c (d+ex)")

n

. ml nq2 (m+1) Log[c (d+ex)"] ne2
Basis: (¢ (d+ex)") n pf(atbloglc (drex)"]?) __ aflog[F]+ +b f Log[F] Log[c (d+ex)"]

Basis: If e g — d h == 9, then SlLoglc (drex ] = Subst [G[x], X, Log[c (d+ex)"]] OxLog[c (d+ex)"]

g+h x

Rule:If eg - dh == 9, then

m+1

n2 h m+1 c(d+ex)") = Ff(a+b|_og[c(d+ex)n]1)
J(g"hX)’"F“(a‘”“g[“"*e")])dlx_> L AL J( (d+ex)") dx

(c(d+ex)")$ g+hx

(m+1) Log[c (d+ex)"]
n

(g+ h x) m+l J’eafLog[F]+7+bfLog[F] Log[c (d+ex)"]2
dx

m+l

(c(d+rex)")™ g+hx
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Rules for integrands involving exponentials

(m+1) x

— Subst[je”wg[”*T*”“g[F] < dx, X, Log[c (d+ ex)"]]
hn (c(d+ex)")™

(g + hx)m+1

Program code:

Int[(g_.+h_.#x_ ) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)"n_.]"2)),x_Symbol] :=
(g+h*x) ~ (m+1) / (h*n* (c* (d+exx) *n) ~ ( (m+1) /n)) %
Subst [Int[E~ (a*fxLog[F]+ ((m+1) xX) /n+bxfxLog[F]*x*2),X],X,Log[cx (d+exx) n]] /;
FreeQ[{F,a,b,c,d,e,f,g,h,m,n},x] && EqQ[exg-dxh,0]

2: J(g +hx)"FF(asbrog[e @ex]*) gy when mez*

Derivation: Integration by substitution

Rule: If m € z*, then

1
m+1

j(g +hx)"Ff(asbLog[c @dex)™]?) gy _, Subst [J‘F1c (a+b Log[cx"]?) ExpandIntegrand[(eg-dh+hx)", x] dx, x, d+e x]

e

Program code:

Int[(g_.+h_.#x_ ) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)"n_.]"2)),x_Symbol] :=
1/e~ (m+1) »Subst [Int [ExpandIntegrand [F~ (fx (a+bxLog[c#x"n]~2)), (exg-dxh+hxx)~m,x],x],x,d+exx] /;
FreeQ[{F,a,b,c,d,e,f,g,h,n},x]| && IGtQ[m,0]
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Rules for integrands involving exponentials

v J(g"hx)’“Ff(a*bL%[c (dvex)"]?) g5

Rule:

~J-(g*_hX)me(a+bLog[c (d+ex)"]?) dx — J.(g+hx)m Ff(a+bLog[c (d+ex)"]?) dx

Program code:
Int[(g_.+h_.#x_ ) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)"n_.]"2)),x_Symbol] :=

Unintegrable[ (g+hx) *m«F~ (f« (a+bxLog[cx (d+exx)*n]1~2)),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,m,n},x]

14. Ju Ef (a+bLog[c (d+ex)"])2 dx
1. J‘Ff (a+b Log[c (d+ex)"])2 dx

1: J.Ff(a*b""g[c @+ex"])* gx when 2ab f Log[F] € Z

Derivation: Algebraic expansion

Basis: If 2abfLog[F] eZ,thenl:f(amLog[c (d+ex)"])% __ c2abflog(F] <d+ex>2abfnLog[F} Faz-hbszog[c (d+e x)"]?

Rule:If 2ab fLog[F] € Z,then

J-Ff (a+bLog[c (d+ex)"])? dx —s c2abfLoglF] J(d + ex)zabfnLog[F] Fazf+beLog[c (d+ex)"]? dx

Program code:

Int[F_~(f_.»(a_.+b_.*Log[c_.(d_.+e_.*x_)"n_.])"2),x_Symbol] :=
CA (Z*a*b*f*Log[F] ) *Int [ (d+exx)” (Z*a*b*f*n*Log [F] ) *F~ (a"2*f+b"2*'F*Log [c* (d+exx)~n] "2) ,X] /3
FreeQ[{F,a,b,c,d,e,f,n},x] & IntegerQ[2«axbxfxLog[F]]
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Rules for integrands involving exponentials

2: JF”“"LW[C @ex"])* ax when 2ab f Log[F] ¢ Z

Derivation: Algebraic expansion and piecewise constant extraction
Basis: F T (a+bloglc (d+ex)"] )2 (c (d+ex) n> 2abflog[F] a2 f+b2 f Log[c (d+ex)"]?

yny2abtLog(F]

. . (c (d+ex
Basis: Ox (d+e x)2abfnLoglF)

Rule:If 2abf Log[F] ¢ z,then

ij (a+bLog[c (d+ex)"])? dx —s J(c (d+ ex)n)ZabfLog[F] Fa2f+b2fLog[c (d+ex)"]? dx

n\2abfLog[F]
(C (d +ex) ) (d+ex)2abfnLog[F] Fa2f+b2fLog[c (d+ex)"]2dlx

—
(d +ex)2abfnLog[F]

Program code:

Int[F_~(f_.»(a_.+b_.*Log[c_.(d_.+e_.*x_)"n_.])"2),x_Symbol] :=
(cx (d+exx) ~n)~ (Z*a*b*f*Log[F] )/(d+e*x) 2 (Z*a*b*f*n*Log [F] ) *
Int [ (d+exx) (z*a*b*f*n*Log [F] ) *FA (a"Z*'F+b"2*'F*L0g [cx (d+exXx)~n] "2) ,x] /3
FreeQ[{F,a,b,c,d,e,f,n},x] & Not[IntegerQ[2+axbxfxLog[F]]]
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Rules for integrands involving exponentials

2'.J(g+hx)me(“bmek<Mem"H2dx
B J(g+hx)me(a*bL°g[c (d+ex)"])* 9% when eg-dh=0

1: J(g+hx)me(a*bL°g[c @ex"])* 9x when eg-dh=0 A 2abfLog[F]€Z A (MeZ V h=e)

Derivation: Algebraic expansion and algebraic simplification

Basis: If 2ab f Log[F] e 7, then Ff (a+bLlog[c (d+ex)"])? __ c2abfLlog[F] (d + eX)ZabfnLog[F} Fa2f+b2fLog[c (d+e x)"]?
Basis:If eg-dh =0 A (meZ v h=-e),then (g+hx)" (d+ex)? =" (d+ex)™?

Rule:lf eg-dh =0 A 2abflog[F] €Z A (meZ V h=e),then

J(g_'_ hx)™ Ef (a+b Log|c (d+ex)"])2d1x N

c2abfLog[F] J(g+hX)m (d + e x)22bFnLogIF] pa’ f4b? f Log[c @rex)"]? gy

hm cZabfLog[F] ,
_— J(d + e X)m+2abfnLog[F] E a’ f+b? f Log[c (d+ex)"] dx
eITI

Program code:
Int[(g_.+h_.#x_ ) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)"n_.])"2),x_Symbol] :=

h*msch (2xaxbxfxLog[F]) /ermsInt [ (d+exx)” (m+2+axbsfsnsLog[F]) «F~ (ar2+f+b 2xfxLog[cx (d+exx)~n]~2),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,m,n},x| 8& EqQ[exg-d+h,0] && IntegerQ[2+axbxfxLog[F]] & (IntegerQ[m] || EqQ[h,e])
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Rules for integrands involving exponentials

2: J-(g +hx)"Ff(asbrog[c (@e"])* 9% wheneg-dh=-0

Derivation: Algebraic expansion and piecewise constant extraction

ic. g f (a+bloglc (d+ex)"])? __ ny2abfLog[F] ga?f+b?fLlog[c (d+ex)"]?
Basis: F (c (d+ex)™) F

.. o (E+h X>m (C (dJreX)n)ZabfLog[Fj o
Basis: If e g - d h == 0, then o, (drex)m2eb FrtoglF] -

Rule:If eg -dh == 9, then

J(g+hX)me(a+bL°g[c (d+ex)n])2 dx —s J(g+hX)"‘ (C (d+ex)n)2abfLog[F] FaZf+b2fLog[c (d+ex)n]zd]x

(g+hx)" (c (d +ex)")2ab“°gm

(d + ex)m+23bfnLog[F] Faz‘c+b2fLog[c (d+ex)"]2 dx

e
(d+ex)m+2abfnLog[F]

Program code:

Int[(g_.+h_.#x_) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)~n_.])"2),x_Symbol] :=
(g+hxx) “mx (c* (d+exx) *n)~ (2*a*b*f*Log [F] )/(d+e*x) A (m+2*a*b*f*n*Log [F] ) *
Int[ (d+exx) " (m+2xaxbxfxnxLog[F]) «F~ (ar2xf+b 2xfxLog[c (d+exx) *n]"2),x]| /;
FreeQ[{F,a,b,c,d,e,f,g,h,m,n},x] && EqQ[exg-dxh,0]
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Rules for integrands involving exponentials

2: J(g +hx)"EF(abLog[c @e0"])* gy when me z*

Derivation: Integration by substitution

Rule: If m e z*, then

1

m+1

J(g +hx)mFf(asbloge @en])® gy _, Subst [J\Ff (a+bLog[cx"])* ExpandIntegrand[(eg-dh+hx)", x] dx,

e

Program code:
Int[(g_.+h_.#x_ ) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)"n_.])"2),x_Symbol] :=

1/e~ (m+1) »Subst [Int [ExpandIntegrand [F~ (fx (a+bxLog[c#x"n])~2), (exg-dxh+hxx)~m,x],x],x,d+exx] /;
FreeQ[{F,a,b,c,d,e,f,g,h,n},x] && IGtQ[m,0]

U: j(g +h X)m F‘F (a+b Log[c (d+ex)"])2 dx

Rule:

J(g+ hX)m Ff(a+bLog[c (d+ex)"])Z dX —» J(g+ hX)m Ff (a+b Log|c (d+ex)"])2dlx

Program code:

Int[(g_.+h_.#x_ ) m_.«F_~(f_.x(a_.+b_.xLog[c_.»(d_.+e_.#x_)"n_.])"2),x_Symbol] :=
Unintegrable[ (g+hx) *m«F~ (f« (a+bxLog[cx (d+exx)~n])~2),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,m,n},x]

X, d+ex]
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Rules for integrands involving exponentials

15. jLog[a +b (F*(99) "] ax

1: JLog[a +b (Fe©*99) "] ax when a>@

Derivation: Integration by substitution

BaS|S: 'F[ (Fe (c+dx))“] = m Subst[i%l, X, (Fe (c+dx))n] Oy (Fe (C*'d"))"

Rule:

JLog[a +b (Fe (c+dx) ) "] dx — Subst [JM dx, X, (Fe (c+d x) ) n]
X

den Log[F]

Program code:

Int[Log[a_+b_.%x(F_~(e_.*(c_.+d_.*x_)))”"n_.],x_Symbol] :=
1/ (dxexnxLog[F]) *Subst [Int[Log[a+b*X] /X,X] ,X, (F* (ex (c+d*x)))”n] /;
FreeQ[{F,a,b,c,d,e,n},x] & GtQ[a,0]

2: jLog[a +b (F(<99) "] dx when a 3 @

Derivation: Integration by parts

Rule: If a ¥ 9, then

X (Fe (c+dx))n
[rog[a+b () ] ax — xLog[a+b (F*4)"] -bdenLoglr) [ ———ax
a+b (Fe(c+dx))n

Program code:

Int[Log[a_+b_.*(F_~(e_.x(c_.+d_.*x_)))”*n_.],x_Symbol] :=
xxLog[a+bx (F~ (ex (c+dxx)))”n] - bxdxexnxLog[F]*Int[x* (F"(ex (c+d*Xx)))”n/ (a+b* (F” (ex(c+d*x)))”n),x] /;
FreeQ[{F,a,b,c,d,e,n},x] & & Not[GtQ[a,0]]
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Rules for integrands involving exponentials

16. ju (a F")n dx

X: Ju (a F")"dlx when nez

Derivation: Algebraic simplification

Basis: If n € Z,then (aFY)" == a" F"V

Note: This rule not necessary since Mathematica automatically does this simplification.
Rule: If n € z,then

ju (aFY)"dax — a" ju F"V dx

Program code:

(* Int[u_.*(a_.*F_~v_)”n_,x_Symbol] :=
a*nxInt [uxF" (nxv),x] /;
FreeQ[{F,a},x] && IntegerQ[n] =)
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Rules for integrands involving exponentials

2: Ju (a F")"dlx when n ¢ zZ

Derivation: Piecewise constant extraction

| n
. a Fvixd
Basis: Oy far)’

EnVIx] -

Rule: If n ¢ Z, then

Program code:

Int[u_.*(a_.*F_“~v_)”~n_,x_Symbol] :=
(axFAV) An/F~ (nxVv) *Int [uxF~ (nxv) ,x] /;
FreeQ[{F,a,n},x] && Not[IntegerQ[n]]

J-u (aF')"ax —

(ar)"

an

J-u F"V dx

71



Rules for integrands involving exponentials

17: Jf[F“""] dx

Derivation: Integration by substitution

H a+b . 1 fix a+b a+b
Basis: £[Fax] = S Subst[ L, x, F X] By Fatbx
Basis: 2 — .. &=~
bLog[F] 3y Fatbx
Rule:
a+b x fIx
J-F[Fa"b"] dx — Subst[j [x] dx, X, F"""bx]
axFa+bx X

Program code:

Int[u_,x_Symbol] :=

With[{v=FunctionOfExponential[u,x]},

V/D[V,x] *Subst[Int[FunctionOfExponentialFunction [u,x]/x,x],x,v]] /;
FunctionOfExponentialQ[u,x] &&

Not [MatchQ[u,w_=(a_.*v_~n_)”m_ /; FreeQ[{a,m,n},x] &% IntegerQ[mxn]]] &&

Not [MatchQ[u,E~ (c_.»(a_.+b_.#x))*F_[v_] /; FreeQ[{a,b,c},x] && InverseFunctionQ[F[x]]]]



Rules for integrands involving exponentials

18. ju (a F"+bG‘")"d1x
1. Ju (a F"+bG‘")"d1x when nez-

1: Ju (aFY+bF")"dx when nez-

Derivation: Algebraic simplification

Rule: If n € Z7, then

ju (aFY+bF*)"dx — ju F'V (a+bF"Y)"dx

Program code:

Int[u_.*(a_.*F_"~v_+b_.*F_"w_)”"n_,x_Symbol] :=
Int [uxF~ (nxVv) * (a+bxFAExpandToSum[w-Vv,X])*n,x] /;
FreeQ[{F,a,b,n},x] && ILtQ[n,0] && LinearQ[{v,w},Xx]

2: J-u (aF"+bG"’)"dlx when nez-

Derivation: Algebraic simplification

Rule: If n € Z7, then

Ju (aF'+ bG"‘)n dx — Ju F"V (a+b ELo8(6] w-Log[F] ")" dx

Program code:

Int[u_.*(a_.*F_~v_+b_.*G_"w_)”“n_,x_Symbol] :=
Int[uxF~ (n*Vv) * (a+b*E~ExpandToSum[Log[G] *w-Log [F]*v,x])*n,x] /;
FreeQ[{F,G,a,b,n},x] & ILtQ[n,@] && LinearQ[{v,w},Xx]
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Rules for integrands involving exponentials

2. Ju (a F"+bG"‘)"d1x when n ¢ zZ

1: Ju (aF"+bF"‘)"d1x when n ¢ Z

Derivation: Piecewise constant extraction

' (a FFixl,p Fg[XW)”
BaS|S. 6)( Enfx] (a+b Fglx]-f[x] )n ==

Rule: If n ¢ Z, then

(aF"+bF"‘)"
j“ (aF'+bF*)"ax — —qu"" (a+bF*Y)"ax
Fnv (a+bF‘“"")n

Program code:

Int[u_.x(a_.*F_"~v_+b_.*F_"w_)”"n_,x_Symbol] :=
(axFAv+bxFAw) *n/ (F~ (n*V) » (a+bxFAExpandToSum [w-Vv,Xx]) ~*n) *Int [uxF~ (n*xVv) * (a+bxF ExpandToSum[w-V,X])*n,x] /;
FreeQ[{F,a,b,n},x] && Not[IntegerQ[n]] && LinearQ[{v,w},Xx]
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Rules for integrands involving exponentials

2: Jh(aFV+bGﬂ"dxmmennez

Derivation: Piecewise constant extraction

(aFfX+bGe))"
nFIx) (a+b ELo8(6) 8[X] -Log[F) FIx])

Basis: Oy - -~ =0

Rule: If n ¢ Z, then

(aF"+bG"‘)"

EnV (a + b ELo8[G] w-Log[F] v) n

Ju (aF¥+b@")"dx — Ju F"Y (a+ b EL08IC] W-LoBIFI V)" g

Program code:

Int[u_.x(a_.*F_"~v_+b_.*G_"w_)”"n_,x_Symbol] :=
(axFAv+bxG*w) *n/ (F~ (n*V) » (a+b*E~ExpandToSum[Log [G] *w-Log[F] #v,Xx])*n) *Int [uxF~ (n*Vv) » (a+b*E~ExpandToSum[Log[G] *Ww-Log[F] *v,Xx])”"n,x] /;
FreeQ[ {F,G,a,b,n},x] & Not[IntegerQ[n]] && LinearQ[{v,w},Xx]
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Rules for integrands involving exponentials

19: Ju FY G dx

Derivation: Algebraic simplification

Basis: FY G -- EV Log[F]+wLog[G]

Rule:

Ju FYGY dx — ju EVLOB[F]+wLog[G] gy

Program code:

Int[u_.*F_~v_+G_"w_,x_Symbol] :=

With[{z=vxLog[F]+wxLog[G]},

Int[uxNormalizeIntegrand [E~z,x],Xx]| /;

BinomialQ[z,x] || PolynomialQ[z,x] && LeQ[Exponent[z,x],Z]] /3
FreeQ[ {F,G},Xx]
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Rules for integrands involving exponentials 77

. u vy
20: JF (v + W) ydx when 8y oetF1om = WY

Basis: Oy (FFI*) g[x]) = FfX] (Log[F] g[x] f'[x] + g [x])

Rule: Letz- —>x— ifOyz = wy, then

Log[F] dyu

JF“ (v+w) ydx — FFIXI 2

Program code:

Int[F_"u_x (V_+wW_)*y_.,Xx_Symbol] :=
With[{z=vxy/ (Log[F]*D[u,x])},
Fruxz /;

EqQ[D[z,x],w*y]] /;

FreeQ[F,x]

ﬂ:JﬂwmdxMwnmgW]v®u+m+1)mvmwmsw

Basis: Oy (Fﬂ’” g[x]”*l) == FFIXI g [x]" (Log[F] g[x] f/[x] + (n+1) g [x])

Rule: Let z - Log[F] va,u+ (n+1) a,v, if Zdivides w, then

u,,n Euml
FFviwdx — F v
z

Program code:

Int[F_~u_*v_"n_.*w_,x_Symbol] :=
With[{z=Log[F]#VvD[u,x]+(n+1) *D[v,x]},
Coefficient [w, X, Exponent [w,X] ]/Coefficient [z,x,Exponent[z,Xx] ] *F uxv” (n+1) /;
EqQ[Exponent [w,x] ,Exponent[z,x]] & EqQ[wxCoefficient[z,x,Exponent[z,x]],z+Coefficient[w,X,Exponent[w,x]]1]] /;
FreeQ[{F,n},x] && PolynomialQ[u,x] && PolynomialQ[v,x] && PolynomialQ[w,Xx]



Rules for integrands involving exponentials

ch’eX n
a+bF Veex

22, u[—dxwhenCdf—Aeg==0ABeg—c(ef+dg)==0
A+Bx+Cx?

c\/mex n
a+bF Vrex

1: ——————dxwhenCdf-Aeg=0 ABeg-C(ef+dg)=0 Anez’
A+Bx+Cx?

Derivation: Integration by substitution

e _ _ X _ d-fx? d+e x d+e x
Basis: F[x] =2 (ef-dg) Subs’c{(e_gx2>2 F| e—gxz}’ X, e 6)(@

P __ __ 1 L 2eg 1 vd+ex d+e x
Basis:If Cdf-Aeg==0 ANBeg-C (ef+dg) = 0,then ABx G Clefdg Subst{x, X, frox Ox fox

K

Rule:if Cdf-Aeg-=-0 ABeg-C(ef+dg) =0 A neZ",then

a+bF Veex
] 2eg (a+bFx)" Vd+ex
J—Z dx — —Subst[J— dx, X, —]
A+Bx+CX C(ef-dg) x Virex

Program code:

Int[(a_.+b_.F_"(c_.*Sqrt[d_.+e_.*x_]/Sqrt[f_.+g_.*x_]))~n_./(A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
2xexg/ (Cx (exf-dxg) ) *Subst [Int[ (a+bxF~ (c*x) ) n/x,X],X,Sqrt [d+exx] /Sqrt[f+g+x]] /;
FreeQ[{a,b,c,d,e,f,g,A,B,C,F},x] && EqQ[Cxdxf-Axexg,0] & EqQ[Bxexg-Cx (exf+dxg),0] && IGtQ[n,0]

Int[(a_.+b_.«F_~(c_.+Sqrt[d_.+e_.+x_]/Sqrt[f_.+g_.*x_]))"n_./(A_+C_.*x_"2),x_Symbol] :=
2xexg/ (Cx (exf-dxg) ) *Subst [Int[ (a+bxF~ (c*x))~n/x,X],X,Sqrt [d+exx] /Sqrt[f+gsx]] /;
FreeQ[{a,b,c,d,e,f,g,A,C,F},x]| 8& EqQ[Cxdxf-Axexg,0] & EqQ[exf+dxg,0] & IGtQ[n,O]



Rules for integrands involving exponentials

c\ld+e)( n
a+bF Veex

2: [—dxwhenCdf—Aeg==0ABeg—C(ef+dg)==0/\n¢Z"
A +BXx+Cx?

Rule:lf Cdf-Aeg-=-09 ABeg-C(ef+dg) ==0 A n¢zZ",then

C C
a+bF Veex a+bF Veex

[——————————l—dx — —_——dx
A+Bx+Cx? A+Bx+Cx?

Vaiex \" vdmx]"

Program code:

Int [ (a_. +b_.xF_" (c_. *Sqrt[d_.+e_. *x_]/Sqr‘t ['F_. +8 . *x_] ) ) "n_/ (A_.+B_.*x_+C_.%x_"2) ,X_Symbol] g=
Unintegrable[ (a+b+F~ (cxSqrt[d+exx]/Sqrt[f+gsx]))"n/ (A+Bxx+Cxx"2),x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,C,F,n},x] & EqQ[Cxd»f-Axexg,0] && EqQ[Bxexg-Cx (exf+dxg),0] & Not[IGtQ[n,0]]

Int[(a_.+b_.#F_"(c_.*Sqrt[d_.+e_.*x_]/Sqrt[f_.+g_.*x_]))~n_/(A_+C_.+x_"2),x_Symbol] :=
Unintegrable[ (a+b#F~ (cxSqrt[d+exx]/Sqrt[f+g+x]))"n/ (A+Cxx"2),x] /;
FreeQ[{a,b,c,d,e,f,g,A,C,F,n},x] && EqQ[Cxdxf-Axexg,0] && EqQ[exf+d+g,0] & Not[IGtQ[n,O]]
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